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Abstract: The symmetric stress tensor (SST) has been widely accepted in classical fluid mechanics
for nearly two centuries, particularly following the work of Stokes in 1845. Its acceptance has
been reinforced by the successful application of the Navier-Stokes equations to many practical
flow problems. Nevertheless, the author has argued that certain interpretations of the SST lead to
inconsistencies that warrant further examination. Establishing and communicating this argument
has proved difficult, particularly because the proposed interpretation challenges a formulation
routinely taught in fluid mechanics. Earlier attempts to publish these arguments encountered
objections, including the absence of direct experimental measurements that distinguish the competing
descriptions of the relevant stress components. For example, a tangential wall shear stress can be
measured, whereas the corresponding transverse component invoked in the author’s interpretation
is not measured in the same manner. The present investigation therefore develops the argument
through detailed examinations of familiar flow configurations, supported by a reported comparison
between rotating water and rotating solid discs. The analysis considers six principal questions. First,
in simple Couette flow, the author questions the interpretation of a transverse shear stress when the
velocity has no component in that direction, relating this concern to the definition of a fluid as a
material that deforms continuously under an applied shear stress. Second, the finite-element stress
argument presented here is interpreted as implying uniform stresses under an imposed symmetry
requirement, which would prevent the viscous force required in the momentum equations from being
obtained. Third, conventional definitions of wall shear stress are examined to determine how the full
stress tensor is represented in surface-force calculations. Fourth, the author’s proposed inclusion of
an additional transverse stress in the Stokes-flow calculation preserves the sphere’s drag but produces
a nonzero lift, contrary to the symmetry of the flow. Fifth, planar Poiseuille flow is used to examine
an apparent conflict, within the proposed interpretation, between stress symmetry and the spatial
increments required by differential calculus. Sixth, rigid rotation is examined to distinguish zero
viscous dissipation from the transmission of mechanical energy under different loading conditions. A
further discussion concerns the dissipation function for compressible flow under Stokes” hypothesis.
These arguments are presented as the author’s interpretation of the specified examples, rather than
as experimentally established replacements for classical continuum mechanics. The purpose of the
investigation is to clarify the physical meaning assigned to stress components and to encourage
critical examination of the assumptions used in their construction. Comments on the derivations,
their interpretation, and the experimental comparisons are welcomed.

Keywords: definition of a fluid, Newton’s law of viscosity, fluid viscous stress tensor, symmetric
viscous stress tensor, Navier-Stokes equation, planar Poiseuille flow, rigid-body rotation

1. Introduction

The development of the equations of fluid motion extended over many centuries,
beginning with problems examined by ancient Greek scholars and continuing through the
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establishment of classical mechanics. Newton’s Principia, first published in 1687, provided
an essential foundation for the subsequent formulation of fluid dynamics. According
to Anderson [1], Newton devoted Book II of the Principia, entitled “Of the Motion of
Bodies,” to problems involving resistance and motion in fluids [2]. Despite this substantial
contribution to fluid dynamics and hydrostatics, Newton encountered difficulties that had
also challenged earlier investigators. One particularly influential contribution was his
recognition of viscous resistance and the relationship between shear stress and velocity
gradient. This relationship remains central to the description of Newtonian fluids and
is commonly referred to as Newton’s law of viscosity. The basic configuration and the
associated velocity gradient are illustrated in Figure 1.

| ’ . ou
I 7 Txy — l’lay

0 -~
Figure 1. Shear stress and velocity gradient in Newton’s law of viscosity.

A major advance in the mathematical description of fluid motion was made by Euler
in 1755, with publication of the general differential equations following in 1757 [3]. Euler
extended the application of Newton's second law from individual bodies to continuously
distributed fluid motion. The formulation describes quantities at positions in space and
is now known as the Eulerian approach. This contrasts with the Lagrangian description,
which follows individual material particles and is also widely used in solid mechanics.
Euler’s equations and the associated development of Bernoulli-type relations provided a
foundation for subsequent work on fluid motion. However, these equations did not include
the viscous forces required to describe internal friction in a real fluid.

Subsequent developments concentrated on incorporating viscous forces into the differ-
ential equations of fluid motion. Historical accounts describe the successive formulations
associated with Navier (1822), Cauchy (1823), Poisson (1829), Saint-Venant (1837), and
Stokes (1845) as the first five developments of the viscous-flow equation [4-7]. Within this
history, Cauchy’s treatment extended principles of stress and momentum balance to fluids,
whereas Stokes presented a derivation that closely resembles the treatment retained in
many modern textbooks [8-14]. Masuda [6] discusses the use of the name Navier-Stokes
by Prandtl in 1934. A comparison with Euler’s equations shows that the central addition
was the viscous force associated with internal fluid friction [5]. The precise constitutive
representation of that force, and the interpretation of the stress components from which it
is obtained, form the principal subject of the present investigation.

The early investigators and later scholars, including Maxwell, Kirchhoff, and Boltz-
mann, adopted a symmetric stress tensor in their treatments of fluid motion [6]. The
subsequent success of the Navier-Stokes equations in practical applications strengthened
the acceptance of this formulation. Nevertheless, the author’s earlier study proposed that
the same momentum equation could be derived using an asymmetric stress tensor (AST)
[15]. That study also argued that an asymmetric formulation could address the interpre-
tation of stress components in simple Couette flow. The present paper develops this line
of argument through additional examples, with particular attention to the relationship
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between the directions of stress components, the selected element faces, and the resulting
velocity field.

Because the asymmetric stress tensor challenges the conventional use of the SST, the
publication of the earlier study [15] was followed by a critique questioning its formulation
and conclusions [16]. The present author disputes the formulas used in that critique; the
detailed response is reserved for the subsequent study [17]. This disagreement concerns
the mathematical representation and physical interpretation of fluid stresses, rather than
merely a difference in notation. A related contribution by Luo [18] examines the conditions
under which asymmetric stresses may arise in a fluid model. Its relevance is that stress
symmetry should be considered together with the assumptions of the particular model,
rather than treated independently of those assumptions.

Although the SST is the conventional formulation in classical fluid mechanics, al-
ternative descriptions of viscous stress have been investigated historically, particularly
during the 1960s [19-22]. Van D’en and Listrov [22], for example, discuss properties of
asymmetric-fluid models, while Listrov [21] examines a viscous-fluid model with an an-
tisymmetric stress contribution. These studies provide historical context for the present
discussion, although their assumptions and additional degrees of freedom must be dis-
tinguished from those of an ordinary Newtonian fluid. During the late 1960s and early
1970s, developments in turbulence modelling and computer technology also accelerated the
growth of computational fluid dynamics (CFD) [23-27]. CFD subsequently became a major
means of investigating practical flows across a broad range of engineering applications
[28-36]. Its success has increased the importance of understanding how the governing
equations, constitutive assumptions, and numerical approximations interact. Mathematical
investigations have continued alongside these computational developments. Ramm [37],
for instance, presents a critical treatment of the Navier-Stokes problem. That author’s
conclusions are relevant to the debate considered here, but should not be equated with a
general demonstration that analytical solutions are absent for all practical flow problems.

CFD has been highly successful as an approximate solution method for practical
flow problems, but substantial challenges remain. The NASA CFD Vision 2030 report
[38] identifies four grand-challenge applications: wall-resolved large-eddy simulation of
complex industrial configurations; transient simulation of an off-design turbofan engine;
multidisciplinary analysis and optimisation of a highly flexible advanced aircraft; and
probabilistic analysis of a powered space-access configuration. These examples involve
interacting difficulties in physical modelling, numerical resolution, computational cost,
and the interpretation of simulation results. A related online discussion lists six broad
challenges: high-performance computing, physical modelling of turbulence, numerical
algorithms, geometry and grid generation, knowledge extraction, and multidisciplinary
analysis and optimisation [39]. The two lists serve different purposes, but both indicate why
continued examination of the governing assumptions remains useful. Detailed mathemati-
cal and physical studies can help clarify the meaning of computed quantities, identify the
conditions under which a model is appropriate, and support a more careful interpretation
of CFD predictions. The present investigation addresses the constitutive description of
stress within that broader context.

The primary aim of this work is to examine the author’s proposed inconsistencies in
the conventional interpretation of the symmetric fluid stress tensor. The analysis focuses
on familiar flow configurations so that the velocity field, stress components, and force
contributions can be compared explicitly. It extends the earlier discussion of Couette flow
[15] to planar Poiseuille flow, Stokes flow past a sphere, rigid rotation, and a particular
compressible-flow deformation. Four principal arguments are considered. First, the au-
thor’s application of the symmetry condition to stresses on a finite element is interpreted as
producing a spatially uniform stress field, preventing the viscous-force increments required
in the momentum equation. Second, the comparison of selected stress increments in planar
Poiseuille flow is interpreted as a conflict between that symmetry construction and differen-
tial calculus. Third, the rigid-rotation examples distinguish the absence of relative sliding
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from the question of whether torque and mechanical energy can be transmitted under an
imposed load. Fourth, the compressible-flow calculation examines the zero dissipation
obtained for a particular dilatational motion under Stokes” hypothesis. These examples
are intended to make the proposed difficulties explicit enough to permit examination of
each assumption and intermediate step. The corresponding asymmetric formulation is
developed in the subsequent work [17], where the author proposes that it can resolve the
issues raised here. The present paper concentrates on stating the arguments and comparing
their consequences with the familiar flow descriptions.

The remaining sections follow the sequence of the argument. Section 2 introduces
the general stress tensor, the corresponding momentum equations, and the conventional
reasons for adopting a symmetric viscous stress tensor. It also reviews several ways of
constructing the tensor and applying it in the Navier-Stokes equations. Section 3 examines
the author’s concerns about the interpretation of stress components in calculations of airfoil
lift and drag. Section 4 then introduces planar Poiseuille flow as a simple configuration with
an explicit velocity distribution and readily evaluated stress gradients. These expressions
provide the basis for the proposed consistency tests in Section 5, including the author’s
arguments concerning spatially uniform stresses, grid dependence, and differential calculus.
Section 6 considers the more detailed example of Stokes flow past a sphere and examines
the nonzero lift obtained from the author’s proposed additional surface-force contribution.
Section 7 addresses rigid rotation, the reported comparison between water and solid
discs, and a proposed pitch-filled cylinder arrangement for discussing torque transmission.
Section 8 examines viscous energy transfer and dissipation in compressible flow, with
particular attention to the second viscosity coefficient and Stokes” hypothesis. Finally,
Section 9 collects the conclusions that the author draws from these examples and identifies
the connection to the proposed asymmetric formulation developed in the subsequent study.

2. Fluid Stress Tensor and the Navier—Stokes Equations

This section introduces the general fluid stress tensor and the Navier-Stokes equations
to establish the notation used throughout the investigation. The derivation is included
so that the subsequent arguments can be related explicitly to the stress components and
spatial derivatives appearing in the momentum balance.

2.1. Fluid Stress Tensor
2.1.1. General Fluid Stress Tensor

For a three-dimensional flow, the total stress tensor T can be expressed in the following
general form:

o —p 0 0 T11 T2 T3 AV - ‘7 0 0
T=10 —-p 0|+ |1 T 3|+ 0 AV -V 0 (1)
0 0 —-p T31 T3 T33 0 0 AV - 1%

Here the double arrow in T denotes a second-order tensor, and p denotes the fluid
pressure. Following the notation used in [9], the viscous contribution is written in a more
explicit form as

. T T2 T3 /\VV 0 0
T=|m1 ™ w|+| 0 AV-V 0 | )
™1 T 133 0 0 AV -V

The first tensor on the right-hand side of Eq. (2) contains the viscous stress components,
while the second term represents the contribution associated with volumetric deforma-
tion. The parameter A is the second viscosity coefficient; the relation A = — %y is Stokes’
hypothesis. Here 7;; denotes a component of the viscous stress tensor, whose detailed
expression depends on the constitutive formulation adopted in the analysis. The indices
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i,j = 1,2,3 refer to the Cartesian directions x, y, z, respectively. The velocity vector may
be written either as V = u1i + u27+ usk oras V = ui + v]_"+ wk. Thus (u1,up,u3) and
(u,v, w) are alternative notations for the same three velocity components, and Zf,fé are the
corresponding unit vectors along the three coordinate axes. Both notations are retained
below where they make the component expressions easier to follow.
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Figure 2. Viscous stress components on two faces of a fluid element.

The stress indices follow the convention used in [40]: the first index identifies the
direction of the force component, and the second identifies the normal direction of the
plane on which that component acts. For example, 713 acts in the x direction on a plane of
constant z. A first index of 2 or 3 therefore identifies a force component along the y or z
direction, respectively. Similarly, a second index of 1 or 2 identifies a plane of constant x
or y. Under this convention, 131 acts in the z direction on a plane of constant x, whereas
711 acts in the x direction on that same type of plane. The distinction between the force
direction and the plane normal is essential when interpreting the components shown in
Figure 2, particularly when a pair of complementary shear stresses is discussed.

2.1.2. General Fluid Stress Tensor: Viscous Force

Several approaches may be used to derive the momentum equations for fluid motion.
These include the differential fluid-element method, which gives a direct representation
of the forces acting on a small volume [9,41-43], and integral approaches based on the
Reynolds transport theorem [11,40]. In each case, the viscous contribution must be ex-
pressed as the resultant of the stresses acting over the boundary of the selected volume.
Following the differential approach associated with the classical derivations, the present
discussion uses a small fluid element to display these contributions explicitly. This method
is particularly useful here because the later arguments concern the interpretation of stress
increments between neighbouring faces of that element.

0T13
I
Ti3 = T13 + I Ax3
\ 3
! N
1 >
1
| 0711
T11 : T1]_ =T11 + ax Ax1
- L 1
! Axg
1
. | I
3 /,, " """"
X d T13 Ax,
0 xl < AXl >

Figure 3. Fluid element used to derive the momentum equation.
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The force calculation is illustrated by the selected stress components on the top, bottom,
left, and right faces in Figure 3. The fluid element has dimensions (Axj, Ax, Ax3) =
(Ax, Ay, Az). These increments are taken to be sufficiently small for the first-order spatial
expansions used in differential calculus. For example, the shear stress on the top face is
written as Tj3 = T3 + aaTTl:Axg, relative to Ty3 on the bottom face. Similarly, the normal-stress
component on the right face is 7/, = 111 + %%:Axl, relative to 771 on the left face. The prime
therefore distinguishes the value evaluated after the stated spatial displacement; it does
not denote a different constitutive coefficient. This notation follows the differential-element
derivations presented in standard textbooks [8-14].

Using the difference between the normal stresses on the left and right faces, the net

viscous force in the x direction due to 711 and T{l is calculated as

oT ot

AR = (11 + 22 Ax; — 11 ) AxpAxs = =LAV, 3)
axl 8x1
Here AV = Ax1AxyAx3 is the element volume. Similarly, the force in the x direction
arising from the shear components 7/, and 15 is

d ]
AFp = (110 + S22 Axy — 115 ) Axy Axs = SI2AV, 4)
ax2 BJCQ
The corresponding force contribution from the shear components 7{, and T3 is
81'13 8T13
AF3 = —=Ax3 — Ax1Axy = —AV. 5
13 (T13+ o 3 T13> Mhv = o (5)
Adding these contributions gives the total viscous force on the element in the x

direction:

d d 0

AF, = AFyy 4+ Ay + AFj5 = (2004 902 | 905 ) Ay, ©6)
E)xl E)x2 8x3

Dividing by the element volume gives the viscous force per unit volume in the x

direction:

i AFl aTll ale aT13
vis _ 271 . 7
1 AV dxq dxo + dx3 @)

The corresponding viscous-force components per unit volume in the y and z directions
are obtained by the same procedure:

vis _ OT21 | 0Tn | T3

2 = x1 + 9xy + ox3’ ®

; 8131 8732 8133
Vs
3 dxq + dxp + dx3 ©)

At this stage of the derivation, no detailed constitutive expression has been assigned
to the viscous stress components. In particular, their symmetry has not yet been imposed.
The force expressions therefore identify the stress derivatives required by the momentum
balance before a specific stress—velocity relation is introduced.

2.1.3. General Fluid Stress Tensor: Momentum Equations

Combining these viscous-force contributions with the pressure and body forces gives
the following momentum equations for compressible flow. Detailed derivations are avail-
able in [9,41-43].
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(10)
Here p is the fluid density, and fp, fi, fs3 are the body-force components per unit
volume in the x, y, and z directions. Gravity is a common example of such a force and acts
vertically downwards. With the Cartesian coordinates shown in Figure 3, its components
are f;1 = fp» = 0 and f3 = —pg. The negative sign indicates that the gravitational force
acts opposite to the positive z direction. Defining the body force per unit volume in this
way keeps its units consistent with the stress-gradient terms in the momentum equations.
Using the Einstein summation convention, the momentum equation can be written
more compactly as

aui aui B a]ﬂ aTl] d Buk
a9 9 a9 9
Herea—;";:%—i—az;—ﬁ—a—ﬁg.

2.2. Symmetric Stress Tensor (SST) for Fluids
2.2.1. Symmetric Stress Tensor for Fluids: Why Is It Required?

The conventional stress tensor is symmetric under the assumptions of classical contin-
uum mechanics without applied body couples or independent internal angular momentum.
Historical discussions connect this condition with Cauchy’s treatment of moment balance
[6]. For completeness, the familiar small-element argument is outlined below, using a
solid element to introduce the relevant stress pairs. The same general balance principle
is commonly adopted in the classical treatment of fluids. The present author questions
aspects of its interpretation when applied to the fluid examples examined in Sections 5-7.
Those sections develop the author’s proposed objections, while the subsequent study [17]
considers an asymmetric formulation intended to address them. The distinction between
the conventional balance requirement and the additional assumptions made in the present
argument should therefore remain explicit throughout the comparison.

D’ )
: Ti3 ¢
! —_—
i : T
D E TC 31
i Ax
31y A 3 _________ B
v l
X3 - ’ T13
X2 2 5 Ax,

Figure 4. Element and reference axes used in the stress-symmetry argument.

Consider the solid element in Figure 4. Following the moment-balance construction
discussed in [12,16], choose AA’ as the reference axis. In the diagram, Tél on the right
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vertical face produces an anticlockwise moment, while 7, on the top face produces a
clockwise moment. Taking anticlockwise moments as positive and clockwise moments as
negative, the respective contributions about the selected axis are written as

AM; = (th AxpAx3)Ax; = T4 AV (anticlockwise), 12)
AM; = —(T{3Ax1Ax3)Axz = —1{3AV  (clockwise).
The resultant moment about the selected axis AA’ is therefore
AM = AM; + AM; = (Tél - 7{3)AV. (13)

Following the infinitesimal-element argument in [12], the condition used to exclude
an unbounded angular acceleration is

T3 = T3 (14)

Choosing CC’ as the reference axis gives the corresponding relation for the stresses
on the bottom and left faces. Under the same construction, the complementary pair must
satisfy 731 = T13. The pair selected therefore changes with the reference axis used in the
element diagram.

Repeating the moment comparison for the remaining complementary stress pairs
gives

Ti2 = To1; T23 = T3 (15)

This construction gives a symmetric stress tensor for a classical solid element when
the assumptions exclude additional applied couples or internal moments. It is associated
with the balance of angular momentum, and Cauchy’s extension of stress concepts to fluid
motion is discussed in [6]. The same symmetry condition is widely used in standard fluid-
mechanics treatments [8-14,40]. The present investigation asks whether the interpretation
of this condition requires further examination when the material deforms continuously
as a fluid. In the author’s argument, the examples considered below reveal difficulties
in constructing viscous-force increments and in applying differential calculus to planar
Poiseuille flow. These proposed difficulties are examined through the stated element
constructions and should be read as the conclusions of that argument rather than as
assumptions already established by the preceding moment balance.

2.2.2. Constructing the Symmetric Stress Tensor for Fluids

Textbooks construct the viscous stress tensor through several complementary presenta-
tions, including physical reasoning [9,40,44], graphical descriptions of element deformation
[12,14,42], and a mathematical formulation of the constitutive relation [11]. Although
the notation and sequence of the derivations differ, these approaches produce the same
conventional component expressions for an isotropic Newtonian fluid, such as air or water
under the applicable conditions. The following expression is the common starting point for
the comparisons made in this section:

ou Ju ou
o= n(2) =)

T = T — aﬂ_F%

12 =T1 =} oxy | ox 1)
dui;  dus

3= = G T oy

0 0
U uz)

'1'23:’1'32:#(6362 ox3
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2.2.2.1 Graphical Transformation of a Fluid Element

Following Houghton et al. [42], with related presentations in [12,14], the motion of
a small fluid element is separated into shear deformation and rotation, as illustrated in
Figure 5. The angular changes « and 8 describe the displacement of the initially perpendic-
ular sides. In this representation, J(a — B) describes rotation, while 3 (« + B) describes the
tensorial shear deformation. The angles used in this construction are expressed in terms of
the local velocity gradients as follows:

v ou
a= aAt and B = @At, (17)
The rate of shear strain in the x — y plane is given by
. dfa+B\ 1[/0u  Jv
’)’xy—dt( 5 >_2<8y+8x>‘ (18)

The notation in Eq. (18) requires care: if the angles in Eq. (17) represent changes during
a finite time interval, they should be denoted by Aax and AB. This distinction separates an
angular increment from its rate of change. The presentation otherwise follows the approach
used in the cited textbooks [42,43,45,46].

Rotation

Shear deformation

Figure 5. Deformation and rotation of a fluid element.

The corresponding rotation of the element is calculated as

_d(a—B\ 1[/0u Jv
w_dt( 2 >_2(8y 8x>' (19
The same decomposition can also be displayed directly through a mathematical

rearrangement of the velocity gradient appearing in Newton’s law of viscosity. Writing
the gradient as the sum of symmetric and antisymmetric contributions gives the following

expression:
ou 1/0u odv 1/0u ov
ayz(ay+ax)+z<ay‘ax)- (20)

The velocity gradient g—; is thus written as the sum of a symmetric contribution and an

antisymmetric contribution. These terms are associated, respectively, with the deformation
and local rotation of the fluid element. Their sum recovers the original gradient, so the
decomposition can be checked directly without changing the underlying velocity field.
To recover the conventional stress expression in Eq. (16) from the tensorial shear
rate in Eq. (18), a factor of two is introduced. This ensures that ¢ has the meaning of
dynamic viscosity used in Newton’s law, illustrated in Figure 1. The explanation in [42]
connects this factor with the one-half appearing in the definition of the tensorial shear-strain
rate. The author questions whether that explanation, when expressed only as a matter of
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mathematical convenience, adequately communicates the physical basis of the constitutive
coefficient.

The author’s concern is that a numerical coefficient in a physical relation should
be explained through the definition and physical meaning of the quantities involved.
Merely describing a coefficient as convenient can obscure the distinction between different
conventions. For comparison, the expressions mv? and mo? differ only by a factor of two,
but they cannot both represent the kinetic energy of the same mass m moving at velocity
v under the same definition. The first is the familiar kinetic-energy expression, whereas
the second is twice that energy. This example illustrates the author’s request for a clear
explanation of the convention used in constructing the shear-strain rate and the associated
viscous stress.

Other presentations, including those of Anderson [47], Hibbeler [13], and Le Méhauté
[14], express the shear rate without the one-half used in the tensorial definition. In that
notation, the corresponding expression is written as

The two expressions therefore differ in the convention used to define shear rate. The
author considers this distinction important because an unexplained change of convention
can make the constitutive coefficient appear arbitrary. For the comparison developed here,
Eq. (21) is read together with the stress relation to which it is applied, so that the coefficient
and the definition of shear rate can be examined as a pair.

The Author’s Argument.

The author’s position is that the velocity gradient and the associated viscous stress
should be introduced together when explaining Newton’s law of viscosity, as in Figure 1.
In a steady flow, both quantities are present simultaneously, even though the velocity at a
fixed spatial location does not vary with time. Explaining the stress through this spatial
variation may help distinguish the rate of material deformation from the time derivative of
a field variable measured at a fixed point. Without that distinction, a reference to a “time
rate” in a steady flow can make the physical interpretation less clear than the underlying
relation requires.

The kinematic construction of the symmetric rate-of-strain tensor does not, by itself,
specify the material. It can therefore be used to describe deformation in both Newtonian
and non-Newtonian fluids. The author’s question concerns the subsequent constitutive
step: how should symmetry of the resulting stress be established when the relation between
stress and deformation rate is nonlinear or direction dependent? To illustrate the concern,
suppose that the gradient g—; is associated with a contribution p4 g—;, while the gradient g—z is

associated with yzg—z. The proposed combined expression is then Ty, = iy g—; + yzg—z = Tyx.

In the author’s interpretation, identifying both terms with a single Newtonian viscosity
requires 1 = yp = p. The example is intended to distinguish the purely kinematic
definition from the material relation that converts deformation rate into stress. The author
raises a similar question for a fluid whose properties vary with position or direction. These
cases should be distinguished carefully: spatial variation, directional dependence, and
nonlinear response are different constitutive issues, even though each may complicate
the interpretation of a simple componentwise viscosity relation. The argument here asks
for those material assumptions to be stated explicitly before the stress components are
compared.

2.2.2.2 The Physical Reasoning Method

Following Newman [40], the conventional viscous stress tensor can be introduced
by considering the properties that a Newtonian constitutive relation should possess in a
general velocity field. Two requirements are particularly relevant to the present discussion:
1) Each viscous stress component is taken to depend linearly on the nine velocity

gradients %. Under this assumption, a spatially uniform translational velocity produces no
i
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viscous stress because every velocity gradient vanishes. This is termed the first requirement
in the discussion below. 5
2) The shear contribution is constructed from the symmetric combination % + -
] 1

For rigid-body rotation, this combination vanishes, giving zero viscous stress and zero
viscous dissipation under the conventional Newtonian relation. This is termed the second
requirement in the subsequent argument.

The second requirement leads to a symmetric viscous stress tensor in the conventional
construction. The author nevertheless asks whether these requirements alone adequately
explain the coefficients used in the complete component expression, Eq. (16). The numerical
factors must be interpreted together with the adopted definition of deformation rate, as
discussed above. A further question concerns the physical meaning of zero stress during
rigid rotation when an external load requires torque transmission. The examples in Section 7
are used to develop that question by comparing an unloaded rotating state with a proposed
arrangement involving a loaded inner shaft.

2.2.2.3 The Mathematical Constitutive Relation

Kundu et al. [11] develop the constitutive relation through a tensor formulation and
the relevant transformation and material-symmetry requirements. The symmetric part of

the velocity gradient is denoted by S;; = %(g—z; + TZ{) It describes the rate of deformation
used in the conventional Newtonian stress relation. To express a general linear dependence
on this tensor, the constitutive coefficients are first collected into a fourth-order tensor. The

resulting relation is written in the following form:

Tij = KijmnSmn- (22)

The author finds this fourth-order tensor representation less immediately transparent
than the componentwise descriptions introduced above. The tensor Kjj,, has 81 compo-
nents before the relevant material symmetries and other restrictions are imposed, and its
role is to map the rate-of-strain tensor to the viscous stress tensor. The concern raised here
is therefore about the physical assumptions underlying the reduction of those components,
rather than the notation alone. Following the constitutive construction described in [11],
the relation is reduced to the form

Tjj = 2uSij + ASmm6ij, (23)

This reduced expression provides the conventional symmetric viscous stress tensor.
The author nevertheless asks whether the assumptions required to pass from Eq. (22) to
Eq. (23) are sufficiently explicit for the practical examples examined here. An algebraically
consistent reduction does not, by itself, identify the range of physical conditions under
which the resulting constitutive relation should be applied. Particular attention is therefore
directed to the final term and the interpretation of the coefficient associated with compress-
ibility. Discussions of the second viscosity coefficient in [48,49] provide relevant context for
this question. The later section on energy dissipation returns to that coefficient and to the
additional restriction introduced by Stokes” hypothesis.

2.2.3. Symmetric Stress Tensor in the Navier-Stokes Equations

Substitution of the Newtonian SST in Eq. (16) into the x-direction viscous-force expres-
sion, Eq. (8), gives

; 0%, 0%, 0%, d [duy Odup, dus
VIS __ I i It I B
=k (8x18x1 + aX2axZ + 8x38x3) ax1 (ax1 axz aX3)/ (24)

In the Einstein summation convention, the same component is written as

; 0%, d [ Juy
vis __ [ =£
L yax]ax] + yaxl (8xk)' (25)
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The other two components of the viscous force are obtained in the same manner:

i 82u2 0 auk
vis __ [ =
2 - yaxjax] + MaXZ (axk>'

26
vis 821/[3 d E)uk ( )
3 ”ax]-ax]- dx3 \ 90Xy
The resulting Navier-Stokes momentum equation therefore takes the form
ou; ou; ap 0%u; d [duy
R AR ) [ AR P — |k 27
P(at +”Jaxj> ax; T Mo T Mg o @)
Imposing Stokes’ hypothesis, A = —3y, gives the following expression:
ou; duj\ _ dp 0%u; 1 9 [dug
P(at +”Jaxj> = o TR ey 3 o) 25)
For incompressible motion, %’; = 0, and the momentum equation reduces to
ou; ou; op 9%u;
— tuj=—| =—5— U 2
P( o +”faxj> ax; It M arax, @)

Both the general momentum balance in Eq. (11) and the incompressible form in Eq. (29)
are familiar from standard textbooks. They are included here to establish a consistent
reference for the later discussion. In particular, the distinction between a balance equation
written in terms of unspecified stresses and a closed equation using a particular constitutive
relation will be important in interpreting the subsequent arguments.

3. Symmetric Stress Tensor: How Is It Applied to Fluids?

The conventional SST appears in both derivations of the Navier-Stokes equations and
practical calculations based on them. The present author nevertheless identifies a potential
inconsistency between the interpretation of the tensor and the component expressions used
in surface-force calculations. In Section 5, the issue is examined through stress increments
on a fluid element. Here the focus is on the familiar expressions for lift and drag on an
airfoil. The argument asks whether every stress contribution that the author associates
with the symmetry condition has been included on the appropriate surface. The following
example sets out that proposed discrepancy before applying a related construction to Stokes
flow past a sphere.

The conventional surface-force construction is illustrated in Figure 6, with lift acting
along the y axis and drag along the x axis. In local wall coordinates, the tangential shear

stress is commonly written as
ou
T=u () , (30)
ay y:O

Here u is the velocity tangential to the wall, and y is the coordinate perpendicular to
the local surface. This form of the wall-shear relation appears in the cited textbooks [9,11,
12,40,42,47]. Its use depends on the local coordinate convention and the wall conditions
assumed in the derivation.

The airfoil force is obtained by combining the local tangential wall shear stress T with
the pressure p, which acts normally to the surface. These quantities may be obtained from
wind-tunnel measurements, flight measurements, or a numerical flow solution. Resolving
their contributions along and perpendicular to the incoming flow gives the drag d and lift
I, respectively. For the notation adopted here, the resulting expressions are written as in
[9,47]:
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TE TE

l:/ (—puCOSQ-I—TuSinQ)dS-f—/ (—pjcosb + 7 sin @) ds,
LE LE (31)

TE TE

d:/ (—pu sin9+rucosﬂ)ds+/ (—pisin® + 1 cos ) ds,
LE LE

The integrations extend from the leading edge (LE) to the trailing edge (TE) on both
airfoil surfaces. The subscripts u and ! identify quantities on the upper and lower surfaces,
respectively.

These surface-force expressions have been used extensively in practical aerodynamic
calculations, and their successful application is central to conventional engineering practice.
Discussions of CFD in aircraft design include the Airbus A380 [50] and Boeing 787 [51],
illustrating the importance of such calculations in advanced aerospace applications. The
author previously accepted the expressions without questioning their consistency with the
interpretation of the stress tensor considered here. The issue now raised is more specific:
whether the complementary component implied by stress symmetry has been assigned to
the appropriate surface when the local force contributions are assembled. The following
discussion develops the author’s interpretation of that question.

—

—

Figure 6. Pressure and wall shear on an airfoil at angle of attack «a.

The Author’s Argument.

The author’s concern is that the conventional force calculation does not include a
contribution that the author associates with the complementary stress component. In the
proposed construction, this component is denoted by 7/ and shown in red in Figure 7. It is
assigned a direction perpendicular to the tangential wall shear stress T defined in Eq. (30),
with equal magnitude, T = 7. Under this interpretation, the additional component is
normal to the local airfoil surface, as is the pressure contribution. The author regards its
sign as requiring a separate directional convention and, for the illustration below, chooses
it to act opposite to the pressure. The resulting formulas therefore follow from that explicit
assignment of the additional component. This assignment is the premise being examined
in the argument, rather than a change to the measured pressure or tangential wall shear.

—

—>

Figure 7. The additional airfoil stress contribution proposed in the author extquotesingle s interpreta-
tion.
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With the additional contribution assigned as described above, the author applies
Newton’s third law to assemble the proposed surface forces. The resulting expressions for
lift and drag are then written as follows:

TE TE

l:/ [(TZ[—Pu)COSG—i—TuSin@]dS%—/ [(t/ — p) cos 0 + 7y sin 6] ds,
LE LE (32)

TE TE

d=/ [(Tl,—pu)sin9+fucos(9]ds+/ [(t/ — p;) sin @ + T cos ] ds.
LE LE

The author is not aware of these particular expressions being used in conventional lift
and drag calculations. Within the proposed interpretation, however, they are regarded as
necessary to include all the assigned surface-force contributions. Any additional normal
viscous traction would also need to be included if it were nonzero under the relevant wall
conditions, including cases involving a moving surface.

It might be argued that the added normal contribution would be small relative to
pressure in many aerodynamic applications. Under that assumption, Eq. (31) could remain
a close approximation to the proposed expression, particularly for attached flows. The
magnitude of the discrepancy would then depend on the relative sizes of the pressure and
the stress contribution introduced by the author’s construction.

The author’s position is that a complete force calculation must include every traction
contribution actually assigned to the surface, regardless of whether the constitutive tensor
is symmetric or asymmetric. In the proposed interpretation, this means combining the
tangential stress, the additional normal contribution, and pressure before resolving lift and
drag. Omitting a contribution regarded as physically present would leave the stated force
balance incomplete. The issue is more conspicuous in the author’s treatment of Stokes
flow past a sphere, because the viscous and pressure contributions are comparable in the
creeping-flow force balance. That example therefore offers a clearer comparison than a
high-Reynolds-number airfoil configuration in which pressure may dominate. As shown
in Section 6, the author’s inclusion of the additional contribution leaves the calculated drag
unchanged but produces a nonzero lift. The symmetry of the physical flow requires that
this transverse resultant vanish. The resulting discrepancy is used to motivate the author’s
objection to the conventional interpretation, while making the assumed assignment of the
additional stress contribution the central point for assessment.

O x
Ap
Ax

A\ 4

Figure 8. Parallel-plate configuration used to discuss planar Poiseuille flow.

4. Planar Poiseuille Flow: A Simple Example

Planar Poiseuille flow is a steady laminar flow between two stationary parallel plates
of effectively infinite extent, as shown in Figure 8. The flow is driven by the imposed

streamwise pressure gradient %. Its simple geometry permits an explicit velocity solution
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and an equally explicit evaluation of the stress components. The following assumptions
define the configuration considered here:

1. The pressure-driven velocity is directed along the x axis. Since the plates are
stationary and the idealised configuration is uniform in their plane, the transverse velocity
components are taken to be zero: v = 0 and w = 0.

2. The streamwise velocity depends only on the coordinate across the channel. It is
therefore written as # = u(z) and is independent of both the streamwise coordinate x and
the spanwise coordinate y.

With these velocity assumptions, the vanishing terms are removed from the momen-
tum equations, leaving

ap  u
0="3cTraz
dp
_ 9 33
0 oy’ (33)
__9p
0 —g—pg.

The second and third components of Eq. (33) give the following pressure distribution
[52]:

A
p=—pgz+ <A§>x. (34)

The pressure datum is chosen so that p = 0 at x = 0 and z = 0. Unlike presentations
that omit gravity or absorb the hydrostatic contribution into a modified pressure, this
expression retains the dependence on z. That dependence represents the hydrostatic
pressure variation and does not introduce a separate velocity component in the vertical
direction. The assumed flow therefore remains consistent with a streamwise velocity that
varies only across the channel.

Solving the first component of Eq. (33) and imposing the no-slip conditions u|,— =0
and u|;—o = 0 gives the streamwise velocity distribution

__1(4p
u= “o (Ax) (H —z)z. (35)

The resulting parabolic velocity distribution is illustrated in Figure 9, showing the
zero velocities at the stationary plates.

Figure 9. Planar Poiseuille velocity distribution under the imposed pressure gradient Ap/Ax.

Substituting this velocity distribution into the SST gives the following stress compo-

nents:
Ju OJw A 1
Txz = Tax :”<az+ax> - <AZ> (Z_2H>' (36)

The complementary shear components are equal and are generally nonzero away
from the channel centreline. Their directions on the selected element faces are illustrated
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in Figure 10. This diagram provides the basis for the author’s comparison between stress
directions and the components of the velocity field.

sz

Tsz

Figure 10. Velocity distribution and viscous stress components in planar Poiseuille flow.

The component Ty, acts in the direction of the horizontal velocity, which the author
regards as directly consistent with the usual description of viscous resistance. Equation (36)
also gives a nonzero complementary component Ty, although the planar Poiseuille velocity
field has no vertical component. The author interprets this as a difficulty in relating the
tensor components to the statement that a fluid deforms continuously under shear. This
interpretation motivates the subsequent discussion of the two stress components and their
spatial increments, rather than introducing a different velocity solution for the same channel
flow.

The next section examines the spatial increments of these stresses in more detail. The
author uses the planar Poiseuille solution to argue that the selected finite-element symmetry
construction cannot be maintained when the corresponding directional derivatives are
applied. The argument therefore concerns the interpretation of the stress-pair construction
in conjunction with differential calculus.

5. Proposed Conflicts Associated with the Symmetric Fluid Stress Tensor

The author’s earlier study [15] identified what it interpreted as an inconsistency
between the SST and the definition of a fluid, particularly in simple shear flow. The
preceding section extends that concern to planar Poiseuille flow. To examine the argument
more closely, the following subsections make the selected element geometry, stress pairs,
and directional increments explicit. The purpose is to expose the intermediate steps on
which the proposed objections depend, so that the relationship between the assumed
symmetry condition and the resulting conclusions can be assessed.

Four proposed consequences are considered in this section: spatially uniform viscous
stresses across the fluid domain; the resulting inability to construct the viscous-force term
in the Navier-Stokes equations; direct dependence of the stress comparison on the element
aspect ratio; and an apparent conflict with differential calculus in planar Poiseuille flow.
Each consequence follows from the author’s selected stress-pair interpretation. Further
examples involving a sphere, rotating fluids, and compressible deformation are examined
in Sections 6-8.

5.1. The Proposed Uniform-Stress Field

To isolate the proposed issue, Figure 11(a) shows only the shear components 775, 75;,
713, and 131 on the top, bottom, left, and right faces. No particular velocity distribution is
specified at this stage. Following the construction in Section 2.2 and the related moment-
balance discussions in [12,16], take AA’ as the reference axis. In the diagram, the lines of
action of Ty3 and 31 pass through that axis, whereas the two primed components produce
moments of opposite sign. The author’s application of the symmetry condition then gives
T{3 = T4, With the element dimensions included in the respective force and moment-arm
factors, the two contributions are taken to cancel about the selected axis. The argument
uses this stress-pair construction as its starting point; the conventional treatment of stress
symmetry and moment balance is discussed in the textbooks cited here [11,40].
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Figure 11. Proposed shear-stress construction: (a) complementary pairs; (b) equal face magnitudes.

Selecting CC’ as the reference axis similarly gives the second pair, 713 = T31. These
complementary pairs are commonly illustrated by an element diagram of the type shown
in Figure 11(a). The author’s next step is to repeat the construction using the remaining
corners as reference axes, rather than ending the comparison with the two pairs already
identified.

Using DD’ as the reference axis, the author obtains the proposed relation 7§, = 3.
Repeating the argument about BB’ gives 7/, = T31. These additional relations connect
primed and unprimed components on different faces and are therefore the essential step in
the uniform-stress argument developed below.

Combining the four proposed pairwise equalities gives Tj3 = 731 = T3 = T4; = T, as
illustrated in Figure 11(b). A related element drawing appears in [45]. The author interprets
the combined relations as requiring every displayed shear component on the selected
element to have the same magnitude. Under this construction, the element therefore has no
difference between the shear-stress magnitudes assigned to opposite faces. The subsequent
extension to neighbouring elements depends on carrying this finite-element equality across
their shared boundaries.

The author then extends the element argument to a collection of neighbouring fluid
elements as follows.

Consider four neighbouring elements, E!, E?, E3, and E*, within the fluid domain.
They are drawn separately in Figure 12 to make their boundary stresses visible, although
their corresponding faces are understood to coincide in the actual construction. The right
face of E! is shared with the left face of E2, and the top face of E! is shared with the
bottom face of E3. The remaining interfaces are interpreted in the same way. The argument
therefore compares stresses across shared boundaries rather than treating the illustrated
gaps as physical spaces.

Newton’s third law requires equal and opposite tractions on the two sides of each
shared interface.

Assign the magnitude T to the shear components of E!, following the construction
in Figure 11(b). The opposing tractions on its shared boundaries then have the same
magnitude in E2 and E®. Their directions are reversed across each interface, as required by
the action-reaction relation used in the argument.

Applying the same element construction to E? and E3, the author assigns the magni-
tude 7 to their remaining shear components. Repetition gives the same assignment for E*,
as illustrated in Figure 12. Extending this procedure throughout a connected domain leads
the author to infer a spatially uniform shear-stress magnitude, irrespective of the specified
flow conditions. This inference depends on the combined face-to-face equalities introduced
above and is the basis of the proposed contradiction with nonuniform viscous flow.
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Figure 12. Neighbouring elements E'-E*, drawn separately to display the shared-face stresses.

A related question is whether the same element argument would imply spatially
uniform stresses in a solid. The author considers this possible in the absence of the
additional internal force and moment variations associated with deformation. A cantilever
carrying a concentrated load at its free end provides a familiar comparison: the internal
shear force is constant along the unloaded span [53]. The cross-sectional stress distribution
and its relation to that resultant must nevertheless be distinguished when the example is
used to interpret the stresses on an individual material element.

The author distinguishes this proposed fluid result from the internal-force distribution
in a deforming solid. In a solid, structural deformation is associated with internal forces
and moments whose distributions depend on the loading and geometry. In a classical fluid
model, pressure and viscous stress provide the internal contact-force description, unless
additional physical effects introduce further force or couple terms. Examples involving
an electric field acting on polarised fluid molecules are discussed in [11]. The author’s
argument assumes that the usual symmetry requirement remains applicable in the absence
of such additional effects. When that requirement is interpreted through the preceding
face-to-face equalities, the author concludes that no shear-stress increments can arise. The
proposed absence of a viscous resultant therefore follows from the uniformity inference,
not from an independently specified velocity solution.

5.2. The Proposed Objection to Deriving the Navier—Stokes Equations

The differential fluid-element method is widely used to derive the Navier-Stokes
equations because it displays the local force balance directly [9,41-43]. In Figure 13, the
element dimensions are Axq, Axy, and Ax3 along the x, y, and z directions. Small differences
between stresses on opposing faces provide the viscous-force contribution. The comparison
below examines those spatial differences in relation to the author’s uniform-stress inference.

In the standard differential construction, the stress on the top face is expanded as

Tl’3 = T3+ %TTl;Axg, relative to the value on the bottom face. Likewise, the stress on the

right face is expanded as 74, = 131 + %Axl relative to the value on the left face. These
expressions associate each change with a specified direction of displacement, as shown in
Figure 13. Their differences, multiplied by the appropriate face areas, generate the force
contributions used in the momentum equation. The derivation in Section 2 follows this
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procedure. The author now compares it with the equality of opposite-face magnitudes
inferred from the earlier element construction.

ot
T:,l3 = T13 + a 13 AX3
' . 3
1 . C 9721
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Figure 13. Fluid element and stress increments used in the momentum-equation derivation.

Under the author’s interpretation of Figures 11(b) and 12, the symmetry requirement
eliminates the stress increments just described. A uniform stress magnitude on the selected
opposite faces would give no net viscous contribution from their difference. The author
therefore concludes that the Navier—Stokes viscous-force term cannot be obtained if that
finite-element equality is enforced. This is the proposed incompatibility between the two
constructions: one requires spatial stress increments, while the other has been interpreted
as excluding them throughout the fluid domain.

The Author’s Argument.

The author’s objection is that the stress-increment notation in Figure 13 is routinely
used without an explicit comparison with the finite-element equality proposed above.
Within the author’s interpretation, those increments can be retained only if that equality is
relaxed. The author therefore regards the standard derivation as using stresses in a way
that is inconsistent with the proposed reading of the symmetry requirement. A related
concern is raised for the definition of wall shear and the calculation of lift and drag, where
the author considers an additional component to have been omitted. These are arguments
about the compatibility of particular constructions; they do not establish that researchers
deliberately discard a physical law. The point requiring examination is the relation between
local tensor symmetry, the positions at which components are evaluated, and the faces on
which the resulting tractions act.

5.3. Proposed Grid Dependence of Fluid Stresses

For the next comparison, suppose that the directional stress increments are retained,
as in the standard differential-element treatment [9,41-43]. The author then imposes the
selected pairwise equalities on the components shown in Figure 13. With those assumptions
stated together, the two relations used in the argument are

T3 = 131 (at the lower-left corner),

37
T3 + 9T13 Ax3 = 131 + @Axl (at the upper-right corner). (37)
dx3 dxq
Combining the two relations in Eq. (37) gives
81’13 - 8731 Ax1
ax3 o ax1 AX3 ’ (38)
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For a sufficiently small element, the partial derivatives BBT% and aar% describe local
changes in their respective coordinate directions. The author argues that their values
should follow from the flow field rather than from an arbitrary choice of element shape.
However, the relation in Eq. (38), obtained from the selected pairwise equalities, ties their
ratio to 2—2. On that basis, changing the element aspect ratio changes the relation inferred
between the two derivatives. For example, doubling Ax; while keeping Ax3 fixed would
double the inferred value of %TTl; if %%311 were held unchanged. The element could remain
small in absolute terms, yet the inferred relation would change. The author interprets this
dependence as incompatible with convergence to a unique local stress field. The proposed
objection therefore concerns the aspect-ratio constraint introduced by the selected stress
equalities, rather than a demonstrated failure of a particular numerical discretisation.

The author concludes that the stated relation would retain an explicit dependence
on element aspect ratio even as the element dimensions become small. This differs from
the discretisation errors investigated in ordinary CFD grid-convergence studies [54-56],
where refinement is used to assess convergence of a numerical solution. In Eq. (38), the
proposed dependence is built into the relation between the selected derivatives and does
not disappear merely by reducing both dimensions. The distinction is central to the author’s
argument and should be assessed at the level of the assumed stress comparison.

5.4. The Proposed Conflict with Differential Calculus
The planar Poiseuille expressions in Eq. (36) give the following directional derivatives:

E)T13 - AP aT31 o
Fro (Ax) and P 0. (39)

Using the specified displacement Axj, the corresponding first-order expansion for 7,
is
oty

A
T{3 =T3+ leAﬁq =T3+ (AZ)AX3, (40)

The expansion for 73, along the specified x; displacement is instead

aT:
Ty = T3+ WTAM = T31. (41)

Under the construction used above, Eq. (40) includes the increment (%) Ax3 in Tq3

when the pressure gradient is nonzero. In contrast, Eq. (41) gives no increment for 3,
along the specified x; displacement. The difference reflects the directions selected for the
two increments: the planar Poiseuille velocity varies with z, while it is independent of x.
The author’s argument compares these two expressions to examine whether the selected
stress-pair construction remains compatible with the imposed symmetry requirement.

At the initial point, the author imposes the complementary equality 713 = 131. Com-
paring Egs. (40) and (41) then gives unequal primed values when the imposed pressure
gradient is nonzero. Under the identification made in the element construction, these
values are treated as stresses at the same upper-right location, leading to 7{5 # T4,. The
author interprets this result as a conflict between the selected symmetry requirement and
differential calculus in planar Poiseuille flow. The conclusion therefore depends on how the
two directional expansions are used to identify the final evaluation point. This dependency
is essential when assessing whether the apparent contradiction concerns tensor symmetry
itself or the spatial comparison used in the derivation.

6. Stokes Flow: A Classical Analytical Solution

Stokes’ drag law provides an explicit expression for the resistance experienced by a
sphere in a sufficiently slow viscous flow. Its successful application contributed substan-
tially to the acceptance of the classical equations of fluid motion. Stokes’ investigation
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of internal friction [57] addressed the motion of pendulums and the influence of fluid
resistance, while the sphere solution subsequently provided a foundation for viscosity
measurements [58]. These applications are valuable because they connect a tractable math-
ematical solution with quantities that can be measured experimentally. Cartwright [59]
also discusses the broader scientific influence of Stokes’ law, including its connection with
work associated with three Nobel Prizes in Physics and one in Chemistry. The example
is therefore important both historically and practically. In the present paper, it offers a
configuration in which the expected drag and the absence of transverse lift can be compared
with the author’s proposed stress interpretation.

In particular, Millikan [60] used a corrected form of Stokes’” law in determining the
elementary electric charge. This work formed part of the research recognised by the 1923
Nobel Prize in Physics and illustrates the importance of understanding the conditions
under which a viscous-drag relation is applied.

Stokes used the symmetric stress formulation in the classical treatment of viscous
motion [7]. The agreement of the resulting drag law with appropriate low-Reynolds-
number applications therefore reinforced confidence in that description. The present
author proposes a different interpretation of the component forces acting on the sphere and
examines its consequences for both drag and lift. Because the configuration is symmetric
about the flow axis, the transverse resultant should vanish, as discussed by Lautrup [61].
The comparison is consequently a test of the proposed surface-force assignment: any
nonzero transverse resultant must be reconciled with the symmetry of the stated flow.

Following Stokes’ paper, published in 1851 [57], consider a sphere of radius 2 moving
to the right at speed U. In a frame moving with the sphere, the corresponding problem is a
uniform flow approaching the stationary sphere from the right, as illustrated in Figure 14.
The analysis assumes steady creeping flow, so the inertial terms are neglected relative to the
viscous terms. Under these conditions, the Navier-Stokes equations reduce to the Stokes
equations written below:

Vp = uV?v,
{ P W)
V-V =0.
y
Tor —
p
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Figure 14. Pressure and tangential viscous traction on the sphere surface.

The flow is axisymmetric about the x axis. It can therefore be described using the
radial and polar components shown in Figure 14, with the following boundary conditions
at the sphere surface and far from it:

u, =0, ug=0 whenr=aq,
(43)

u, = —Ucosf, uy=Usinf whenr = co.
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Here r denotes the distance from the centre of the sphere to the field point, and 6
denotes the angle measured from the x axis in the illustrated meridional plane. The positive
angular direction is taken to be anticlockwise in that diagram.

Solving the reduced equations subject to the stated surface and far-field conditions
gives the following radial and polar velocity components for the creeping-flow field:

3a a3
U, = —Ucos@(l— > + 2;*3)’

. 3¢ a®
Uy = Usm9<1 T 4r3>'

(44)

The associated pressure field is obtained from the same solution and can be written as

9 /3> 2\[1, .,/ 2 3r a 3 a
p—ycosear(aﬂ—ﬂ> [41111 (—az—l-a—rﬂ = iyllr—zcos& (45)

Evaluating these expressions at the sphere surface gives the following surface quanti-
ties:

3ul
pl_, = g—acos 6. (46)

White and Majdalani [48] and Lautrup [61] give corresponding expressions using the
opposite convention for the direction of the incoming flow. Their signs must therefore be
interpreted consistently when comparing the surface-force components.

Using the conventional symmetric stress relation in spherical coordinates, the tangen-
tial wall shear stress on the sphere is expressed as follows:

:y(laur+am)_@) =M gine, 47)
r=a r=a 2a

sym

sym
Tor

= T
r=a o

r 00 or r

Following Stokes [57], with corresponding treatments in White and Majdalani [48] and
Lautrup [61], the drag is obtained by integrating the streamwise components of pressure
and tangential viscous traction over the sphere. For the geometry and sign convention in
Figure 14, the expression is

D=- /ST97‘|r:a sin0dA — /sp‘r:” cos0dA = —4rmula — 2rrulla = —6rtulla,  (48)

Here dA = 2ma®sin 0 d6 is the area of the spherical ring between the polar angles
6 and 6 + d6. The negative sign of D indicates that the force acts in the incoming-flow
direction under the selected coordinate convention. Its magnitude is the familiar Stokes
drag, 67tula. Keeping the sign convention separate from the magnitude avoids ambiguity
when comparing formulas written for opposite flow directions.

Using the same pressure p and tangential wall shear stress T, the manuscript represents
the transverse-force calculation by the following integral. The expression is retained here
to make the proposed comparison explicit:

L= /Tgr|r:aC059dA—/p\r:asiHGdA:0. (49)
S S

The stated calculations recover the familiar drag magnitude and a zero transverse
resultant. The former agrees with Stokes drag under the creeping-flow assumptions, while
the latter is consistent with the symmetry of the configuration. These expected outcomes
provide the reference against which the author compares the proposed additional stress
contribution.

The author nevertheless regards the force assignment as incomplete under the inter-
pretation introduced in Section 3. In addition to the tangential wall component tg,, the
proposed construction assigns the complementary component 7,4 as an additional radial
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contribution on the sphere surface. This component is shown in red in Figure 15. The
author argues that, once it is assigned to that surface, it must be included in the force
balance under Newton’s third law. The following drag expression therefore retains the
original pressure and tangential contributions and adds the proposed radial term. The
distinction between a complementary tensor component and the traction on a selected
surface is the central interpretive issue in this step, and the result below follows from the
assignment stated here:

D=-— / Tor|,_, SINOdA + / (o — p)|,—pcos0dA = —drrula — 2tulla = —6mrula.
S s

(50)

Under this proposed construction, the added contribution does not change the stream-

wise drag resultant. Applying the same assignment in the manuscript’s transverse-force
calculation, however, gives the following expression for lift:

L= /STMr:” cosOdA + /s (o — p)|,_,sin0dA = 4rrula. (51)

The proposed calculation therefore gives a nonzero lift on the sphere. Such a result
is incompatible with the symmetry of the stated creeping-flow configuration. The author
interprets this discrepancy as an objection to the application of the symmetric stress tensor
under the force construction used here. The conclusion depends specifically on the assign-
ment of the additional stress contribution to the sphere surface, which is the point at issue
in the preceding discussion.
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Figure 15. Pressure and stress contributions in the author extquotesingle s proposed sphere-force
calculation.

The Author’s Argument.

The author identifies two perceived differences between the conventional statement
of stress symmetry and its application in surface-force calculations. First, a symmetric
constitutive relation may be used to calculate tangential wall shear, while the additional
radial contribution proposed here is absent from the resultant-force expression. The sphere
calculation is presented as an example of this situation. Second, a wall-shear relation may
be written directly in terms of a single normal velocity gradient, without displaying the full
tensor expression from which it follows. The author associates the familiar airfoil formulas
with this second presentation. In both cases, the concern is that the component assigned as
an additional surface force in the present argument is not explicitly included. The author
therefore calls for a consistent interpretation of stress indices, surface normals, and force
directions before the resultant lift or drag is evaluated. A complete balance must include
all actual tractions on the selected surface, and every component used in that balance must
have a clearly identified plane of action. The proposed discrepancy is consequently about
that identification, rather than simply the presence or absence of a tensor symbol in a final
formula.
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Within the proposed force construction, the pressure and the added stress contribu-
tions produce the nonzero lift in Eq. (51). The author regards this result as inconsistent
with the expected symmetry of the physical flow and attributes the discrepancy to the
adopted interpretation of the symmetric stress tensor. The calculation is intended to include
every force contribution that the author considers necessary under Newton’s third law.
Accordingly, the subsequent study [17] proposes an asymmetric stress formulation as a
way of addressing the discrepancy. This conclusion remains tied to the force assignment
used in the present derivation and should be assessed together with that assignment.

7. Rotational Motion of Fluids

Rotating flows provide important examples for understanding fluid motion [62],
including the stability of a viscous liquid between rotating cylinders [63]. Rigid-body
rotation is also used in explaining the conventional Newtonian stress relation, because
its symmetric velocity gradient vanishes [40]. The resulting absence of viscous stress is
often described as a stress-free rotating state, although pressure remains present. This
section examines the author’s question about whether that description can be extended to
a configuration that transmits torque under an applied load. The distinction between an
unloaded steady rotation and a proposed loaded arrangement is therefore central to the
discussion.

7.1. General Rotational Flow and Rigid-Body Rotation

Consider a fluid confined between two concentric cylinders of radii Ry and Ry, each
connected to a separate shaft, as shown in Figure 16. Their angular velocities are denoted
by wi and w,. Changing these angular velocities changes the velocity distribution in the
intervening fluid and provides a direct way to compare differential rotation with the special
case of common rigid-body rotation.
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Figure 16. Fluid rotation between concentric cylinders.

For the steady laminar configuration considered here, the azimuthal velocity has the
following standard form [48,64], with the constants determined by the prescribed cylinder

velocities:
Ry 1 r_R
u Riw —I—Rwu
9_11&_& 22&_&/ (52)
Ri R Ri Rp

u, = 0.

The general case of differential rotation is not the principal subject here. Instead,
consider the simpler condition w; = wy = w, in which both cylinders have the same
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angular velocity. Once the steady state is reached, the intervening fluid rotates with the
cylinders as a rigid body. The velocity is then proportional to the radial distance from the
axis, and the motion is written as follows:

{Mg = wr, (53)

u, = 0.

In cylindrical coordinates, the conventional viscous stress components for the two-
dimensional rotational motion considered here are written as

., Ouy - 1dug = u,
Tr = Z,VW/ Too = 2]"(7, 20 + . )
- - 1 aur aug Ug
Ter_TTe_y(rE)()+E91’_r -
Substituting the rigid-body velocity field into these component expressions gives zero
for each viscous stress component:

(54)

(55)

Ty = O, TQQ — O,
Tor = Trg = 0.

This result agrees with the conventional Newtonian description of rigid-body rotation:
the viscous stress vanishes because the motion contains no rate of deformation. Con-
sequently, the viscous stress contributes neither mechanical-energy transfer nor viscous
dissipation within that idealised state. The absence of relative sliding between neighbour-
ing fluid particles provides a physical description of the same kinematic condition. The
author regards this property as an important motivation for the conventional symmet-
ric constitutive relation, discussed in [40]. A rotating barrel provides a useful example,
corresponding to the limiting arrangement in which the inner radius is zero, R; = 0.
The experimental apparatus in Figure 17(a) includes a driving motor and a control panel
used to set the target angular speed. During each run, the cylindrical barrel is acceler-
ated towards that target, after which the rotation is maintained at approximately constant
speed. The shaft torque and rotational speed are recorded during the process, as shown
in Figure 18. Both signals approach steady operating values after the initial acceleration.
Small torque variations may be associated with residual speed variations, although their
origin cannot be established from the plotted signals alone. The water surface assumes
a concave paraboloidal profile, illustrated in Figure 17(b), consistent with the standard
rotating-fluid surface relation discussed in [11]. The curvature of that surface does not,
by itself, imply continued relative sliding within the final rotating state. The comparison
of interest is between the steady motion of the water and the motion of a solid rotating
with the same apparatus. It is also important to distinguish the shaft torque measured by
the apparatus from the internal viscous dissipation inferred for the water: the measured
signal can include the mechanical losses required to maintain rotation of the apparatus.
The reported comparison is used below to examine the extent to which the two operating
conditions produce similar measured torques.

The absence of relative sliding in ideal rigid-body rotation implies zero Newtonian
viscous dissipation within the fluid. To compare the reported rotating-water behaviour with
solid rotation, Figure 18 includes measurements obtained using steel discs. The discs were
selected to have the same nominal radius and mass as the water used in the comparison.
These choices provide a basis for comparison, although equality of mass and outer radius
alone does not guarantee identical moments of inertia if the radial mass distributions
differ. In particular, the water redistributes as its free surface curves during rotation. The
author considers the resulting difference to be small at the speeds used, but the supplied
material does not provide a separate measurement of that effect. The torque comparisons
at the reported speeds are listed in Table 1, where the magnitudes of the tabulated relative
differences are below 1%. The author interprets this close agreement as consistent with
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approximately rigid rotation of the water once the steady operating state is reached. The
comparison supports a discussion of similar measured shaft loads, while the precision with
which internal fluid losses can be distinguished depends on the measurement uncertainty
and the apparatus losses. Those details are not established by the torque differences alone.
The relative difference is calculated as 100( Twater — Tsolid ) / Tsolid, SO the negative tabulated
values indicate slightly smaller measured torques for water at the corresponding speeds.

(a) Rotating test rig (b) Revolving surface of the fluid

Figure 17. Rotating-barrel apparatus and water-surface profile (courtesy of Jimei University, China).
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Figure 18. Measured shaft torques for rotating solid discs and water (data from Jimei University,
China).

Table 1. Measured torques at different rotational speeds.

Rotation Torque (Nm) Relative difference
speed (rpm) | Rotating solid | Rotating water (%)
100 0.1406 0.140 -0.43
50 0.121 0.120 -0.83
10 0.0822 0.0821 -0.12
5 0.0777 0.0772 -0.64

7.2. Stress-Free Rigid Rotation: Examining the Assumptions

The rotating-barrel comparison raises a further question in the author’s argument:
does the absence of viscous dissipation necessarily imply that every relevant stress con-
tribution must vanish? The following proposed configuration is used to distinguish the
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transmission of torque from the conversion of mechanical energy into heat within the
rotating material. It is presented as a physical argument concerning the imposed loading
conditions, rather than as an additional measured data set comparable with Figure 18 and
Table 1.

Consider a concentric-cylinder arrangement in which the intervening material is pitch
rather than water or oil. Pitch has a very large viscosity, of the order of 107-10% Pa's in the
conditions discussed here, compared with approximately 1073 Pa s for water. The dark-grey
region in Figure 19 represents pitch filling the space between the cylinders. Although it
appears solid over short observation periods, its ability to flow slowly is demonstrated
by the well-known pitch-drop experiment [65]. The proposed example uses this contrast
between apparent rigidity and slow flow to discuss torque transmission during rotation.

4

Figure 19. Proposed pitch-filled cylinder arrangement for discussing torque transmission.

In the proposed arrangement, the outer cylinder is connected to a driving motor and
the inner cylinder to a driven shaft. When the outer cylinder rotates, the intervening pitch
transmits motion towards the inner cylinder. The argument assumes that the two cylinders
and the pitch rotate together at the same angular speed, so that the pitch remains effectively
rigid over the period considered. This assumed state is the basis of the comparison: the
question is whether torque can be transmitted through the material while the motion is
described as rigid rotation, rather than whether an additional velocity profile has been
measured experimentally.

In an ideal arrangement without shaft friction or other resisting loads, steady rotation
would require no continuing torque to overcome such losses. The author’s proposed
example then assigns no torque-transmitting shear stress to the pitch. A practical apparatus,
however, can have friction at its shafts, bearings, and other mechanical interfaces, so the
loaded case must be considered separately.

Suppose that friction applies a resisting torque to the inner shaft. Maintaining steady
rotation then requires the motor to supply a corresponding driving torque at the outer
cylinder. Under the proposed operating condition, the outer cylinder, pitch, and inner
cylinder all rotate at an approximately constant angular speed. Mechanical energy supplied
by the motor is transmitted through the intervening material to the loaded shaft and is
ultimately dissipated as heat at the resisting interface. The author’s argument distinguishes
this external dissipation from any dissipation occurring within the pitch itself. The question
is therefore how the internal stresses required for torque transmission should be described
under the assumed nearly rigid motion.
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The proposed argument assumes that relative sliding within the pitch is negligible
over the observation period. With that assumption, the author asks whether all torque-
transmitting stresses could nevertheless be zero. A resisting moment on the inner shaft
must be balanced by a transmitted moment if the shaft is to continue rotating steadily. If
every relevant shear traction within the pitch vanished, the stated arrangement would
provide no mechanism for transmitting that moment from the outer cylinder to the inner
one. The author therefore infers that nonzero stress must exist under the loaded condition.
This inference concerns the compatibility of the loading and the assumed motion. The
constitutive description of pitch, the observation time, and the distinction between exactly
rigid motion and very slow deformation remain essential to interpreting the example.

Under the assumed absence of relative sliding, the author separates the transfer of
mechanical energy through the pitch from its dissipation at the loaded shaft. The proposed
conclusion is that zero internal dissipation does not, by itself, describe every possible
mechanism of stress transmission in a rotating material. Whether the chosen material
and loading can sustain the assumed motion must be specified before that conclusion is
extended to a Newtonian fluid. The example is therefore used to question the physical
interpretation of the rotating state, with particular emphasis on the imposed load and the
time scale over which the material appears rigid.

8. Energy Transfer and Dissipation in Compressible Flows

To examine mechanical-energy transfer and viscous dissipation, consider the work
done by the stress components on the top and bottom faces of the element in Figure 20. Com-
bining each component with its corresponding velocity gives the following contribution
per unit volume. The standard derivation is discussed in [47].

d(u1m13) n 0(urTr3) n o(u3T33)

aX3 8x3 aX3 ’ (56)

In the sign convention used here, the displayed velocities and tractions have matching
directions on the top face and opposing directions on the bottom face. Their difference
gives the net contribution from that pair of faces.
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Figure 20. Viscous energy transfer and dissipation in a fluid element.

Adding the corresponding contributions from the left and right faces and from the
front and rear faces gives the complete viscous stress-power expression for the element:

d(u1Ti1) n d(ur 1) n d(u3T31) n 9(u1T12) n d(u22) n d(u3s2)
8x1 E)xl 8x1 E)xz 8x2 BXQ

n o(u1T13) n d(u213) n d(uzts3)  O(uiTij)

aX3 aX3 aX3 ax]

(57)
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Using the Einstein summation convention to collect the component contributions, the
final expression can also be rearranged into the following form:

Iuimy) _ _ du oT;j

Tijs— T U .
aX] ax] ax]

The first term on the right-hand side is the conventional viscous dissipation function,
defined here as

(58)

aui

(59)
Substituting the symmetric stress components from Eq. (16) gives the expanded
expression for the dissipation function:

() (2 ()]

CD:]l +(al/l+%)2+(&u+%)2 . (60)
dy  Ox dy 0z

ou ow\? 2/0u  dw  w)?
* (az+ax) _3<ax+8y+az)

This expression is given in standard treatments [12,48]. The negative contribution
in its final term follows from the imposed relation A = —2p/3, rather than from stress
symmetry alone. For incompressible motion, the velocity divergence vanishes and this
term makes no contribution. For compressible motion, it must be interpreted together with
the remaining terms in the quadratic expression. The author’s concern is whether its role is
consistent with the physical dissipation mechanisms expected under the particular flow
conditions.

High-speed compressible flows can involve several mechanisms of mechanical-energy
conversion, transport, and dissipation, including those discussed in [66,67]. Their im-
portance depends on the thermodynamic state, flow gradients, material properties, and
relevant boundary conditions. For the comparison developed below, the mechanisms
motivating the author’s question can be described as follows:

1) Compressibility and shocks: when the flow conditions permit shock formation,
abrupt changes in pressure, density, and temperature are associated with irreversible
thermodynamic processes. Dilatational motion can also contribute to viscous dissipation
when the material’s bulk viscosity is nonzero. These mechanisms should be distinguished
from compressibility considered solely as a change in density.

2) Viscous dissipation: temperature and pressure variations can alter the transport
properties and gradients that determine conversion of mechanical energy into heat. The
resulting change in dissipation depends on those properties and gradients, rather than
following from a universal increase associated with compressibility alone. 3) Turbulent
energy transfer: compressible turbulence includes density fluctuations, pressure—dilatation
interactions, and changes in the distribution of kinetic and internal energy. These processes
may modify the balance between transfer and irreversible dissipation. 4) Acoustic transport
and attenuation: pressure fluctuations can generate sound waves that carry energy away
from a region. Subsequent attenuation can convert part of that acoustic energy into heat.
These mechanisms provide distinct contexts for interpreting the local viscous dissipation
function used in the following calculation.

For the specific constitutive relation used here, the dissipation function can be rear-
ranged to display its nonnegative quadratic contributions more directly. The resulting
expression is

2
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2[(ou_a0\? (o0 dw)?, (ou dw)?
3|\ox 9y dy 0z ox 0z
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D = ow ov ow , 9v . (61)
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For nonnegative dynamic viscosity, the displayed quadratic form is nonnegative. It
therefore does not predict negative viscous dissipation. Positive values represent irre-
versible conversion of mechanical energy into internal energy, whereas zero values identify
motions for which this constitutive model predicts no viscous conversion.

Although Eq. (61) is nonnegative, it need not be strictly positive for every compressible
motion. Consider the following particular velocity-gradient field:

au*av*a—wze#o and %:O fori #j. (62)

ox 9Jy oz 0x;

The specified field describes isotropic dilatation without a shear contribution. Its
velocity divergence is nonzero, as shown by

5 du  dv  Jw
v.v_ng@Jrg_Se#O. (63)
Nevertheless, substitution into the selected dissipation function gives zero for this

particular motion:

® = 0. (64)

The calculation therefore gives zero viscous dissipation for the specified dilatational
motion when Stokes” hypothesis is imposed, while the general quadratic expression re-
mains nonnegative. The author regards this result as a reason to examine carefully how
compressibility and the second viscosity coefficient are represented in the model. In par-
ticular, the example distinguishes the algebraic consequences of the chosen coefficient
relation from the broader energy-conversion mechanisms listed above. The conclusion
drawn in this investigation is that the assumed relation deserves further scrutiny when the
dissipation of compressible flows is interpreted. Whether that concern requires a different
bulk-viscosity model, a different stress formulation, or a narrower statement of the physical
conditions must be assessed from the constitutive assumptions themselves.

9. Conclusions

The Navier-Stokes equations provide the conventional governing framework for New-
tonian viscous flow under the assumptions of classical continuum mechanics. Within that
framework, the symmetric stress relation is associated with angular-momentum balance
and gives zero viscous stress for exact rigid-body rotation. This investigation has examined
the author’s proposed objections to the interpretation of those statements in several familiar
flow configurations. The discussion combines component calculations with a reported
comparison of rotating water and solid discs; it does not establish a general experimental
replacement for the conventional constitutive model. The conclusions drawn within the
author’s argument are summarised below, with the underlying assumptions retained as
part of each claim.

1) The earlier discussion of Couette flow [15] questions the interpretation of a comple-
mentary shear component when no velocity component is present in its force direction. The
planar Poiseuille example extends that question by displaying the corresponding velocity
distribution and shear components explicitly.
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2) Applying the author’s selected equalities across different faces of an element leads
to a uniform-stress inference. If that inference is imposed throughout the domain, the
spatial stress increments needed to construct the viscous-force term vanish. The proposed
objection to the momentum-equation derivation depends on this face-to-face identification.

3) Retaining directional stress increments while imposing the selected pairwise equal-
ities gives a relation containing the element aspect ratio. The author interprets this as a
persistent grid dependence that differs from ordinary discretisation error. The conclusion
therefore concerns the imposed comparison between derivatives rather than a demon-
strated convergence failure of a specified CFD method.

4) In planar Poiseuille flow, the author’s comparison of increments in different di-
rections produces unequal primed stress values. This is interpreted as an inconsistency
between the selected symmetry construction and differential calculus. Assessment of that
claim requires careful identification of the spatial point associated with each expanded
component.

5) For Stokes flow past a sphere, adding the proposed radial contribution leaves the
stated drag unchanged but produces a nonzero transverse resultant. Since the physical
configuration is symmetric, this result indicates a discrepancy in the proposed description.
The author attributes it to the symmetric stress interpretation, while the assignment of the
component to the sphere surface remains the critical step in the argument.

6) The reported rotating-water and solid-disc torques differ by less than 1% in the
tabulated comparison. A separate proposed pitch-cylinder example is used to distinguish
torque transmission from internal dissipation. The conclusions for that example depend on
the material model, the applied load, and the distinction between exact rigid rotation and
deformation too slow to be resolved over the observation period.

7) Stokes” hypothesis assigns A = —21/3 and gives zero dissipation for the particular
isotropic dilatation examined here. The author regards this as a reason to scrutinise the
treatment of compressibility. The result concerns the selected bulk-viscosity restriction
and should be distinguished from the more general requirement that the stress tensor be
symmetric.

This first part of the investigation sets out the author’s proposed difficulties with
the interpretation of the SST and identifies the component assignments and constitutive
assumptions on which they depend. The aim is to make the arguments sufficiently explicit
for detailed examination, rather than to rely solely on the historical acceptance or practical
success of a formulation. The subsequent study [17] proposes an asymmetric stress tensor
and considers how that description would address the issues presented here. It also
discusses why the conventional equations have remained successful in many applications
and what would change under the proposed alternative. The central question for further
assessment is whether each claimed discrepancy follows from the constitutive symmetry
condition itself or from the additional assumptions introduced when that condition is
applied to a particular element, surface, or material.
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