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Abstract: The symmetric stress tensor (SST) is widely used in the constitutive description of New-
tonian fluids. This manuscript examines the author’s proposed objections to that description and
compares it with an asymmetric stress tensor (AST). The discussion considers the derivation of the
Navier-Stokes momentum equation, spatial stress increments, planar Poiseuille flow, wall traction,
drag and lift on a sphere, rigid-body rotation, and compressible viscous dissipation. The proposed
AST reproduces selected momentum and drag expressions under the stated assumptions, while
giving different individual stress components and stress-power terms. A proposed decomposition of
mechanical power is also examined for rotating and dilatational velocity fields. The interpretation of
these comparisons requires several distinctions: stress symmetry is local and does not imply spatial
uniformity; complementary tensor components are not automatically separate forces on the same
wall; the sphere-force calculation requires a complete surface projection; and zero dissipation under
Stokes” hypothesis depends on the selected deformation field and bulk-viscosity assumption. The
discussion therefore distinguishes the author’s proposed constitutive interpretation from conclusions
that follow directly from the displayed algebra. Particular attention is given to the difference between
viscous-force power, stress-work transport, and conversion to internal energy. The unresolved re-
quirements include consistent tensor indexing, angular-momentum balance, observer invariance,
and thermodynamic admissibility. The manuscript presents a theoretical comparison rather than
experimental validation of an alternative fluid law. The equations and illustrative configurations are
retained to make the proposal assessable, while claims that the AST resolves every alleged conflict are
qualified by the additional physical conditions that would be necessary to support such a conclusion.

Keywords: Newton’s law of viscosity; viscous stress tensor; symmetric stress; asymmetric stress;
Navier-Stokes equations; mechanical power; viscous dissipation

1. Introduction

The symmetric stress tensor (SST) has played a central role in descriptions of fluid
viscous stress since the early formulations of the equations of motion associated with
Navier (1827), Cauchy (1828), Poisson (1831), Saint-Venant (1843), and Stokes (1845). Later
contributions included work by Maxwell, Kirchhoff, and Boltzmann [1]. In particular,
the formulation developed by Stokes became part of the standard treatment presented in
fluid-mechanics and aerodynamics textbooks [2—8].

Historical investigations also considered nonsymmetric viscous stresses, particularly
during the 1960s [9-12]. Van D’en and Listrov [12] discussed earlier studies of fluid models
with asymmetric stress tensors, while Listrov [11] examined a viscous-fluid model with-
out the conventional symmetry restriction. These contributions should be distinguished
from the classical Newtonian-fluid model and from the subsequent development of turbu-
lence modeling and computational fluid dynamics (CFD) [13-17]. More recently, Sheng
[18] proposed an asymmetric stress tensor (AST) and argued that it could reproduce the
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Navier-Stokes (N-S) momentum equation while resolving perceived inconsistencies in the
interpretation of Couette flow.

The proposed AST challenges a longstanding constitutive description and therefore
requires careful examination of its assumptions, balance laws, and physical implications.
Following publication of the earlier proposal [18], Natarajan and Natarajan published a
critique [19]. The present author disputes aspects of their coordinate-based calculation,
which are discussed later in this manuscript. Luo subsequently examined stress-tensor
symmetry in gas flows, including the role of internal moments and the assumptions entering
angular-momentum balance [20]. That work provides relevant theoretical context, but
it should not be treated as experimental confirmation of every claim made for the AST
considered here.

The present study develops the author’s arguments through several illustrative flow
configurations, building on the preceding manuscript [21]. The proposed objections concern
seven main issues: (1) whether the stress equalities imposed on a finite fluid element would
imply a spatially uniform stress field and prevent the derivation of viscous-force terms; (2)
the interpretation of wall shear stress and its relation to flow separation; (3) the calculation
of lift on a sphere in an axisymmetric flow; (4) the treatment of stress increments in planar
Poiseuille flow; (5) the claimed dependence of stress derivatives on the element aspect
ratio; (6) stresses, energy transfer, and dissipation during rigid-body rotation; and (7) the
interpretation of zero dissipation in a particular compressible velocity field. These are
the author’s proposed objections to the conventional formulation, rather than established
consequences of stress symmetry.

The discussion addresses two related questions: how the author interprets the practical
success of calculations based on symmetric stress, and what changes when the proposed
asymmetric relation is used instead. The examples compare force calculations, momentum
equations, and energy expressions. The purpose is to make the proposed reasoning explicit,
including its assumptions and its remaining unresolved points, so that the competing
interpretations can be assessed on the basis of their mathematical definitions and physical
balance laws.

The manuscript is organized as follows. Section 2 introduces the total stress tensor
and the conventional symmetric viscous-stress relation. Section 3 presents the author’s
objections through momentum-balance, wall-traction, sphere-flow, rigid-rotation, and com-
pressibility examples. Section 4 introduces the proposed AST and derives its contribution to
the momentum equation. Section 5 revisits the stress-increment and planar Poiseuille-flow
arguments. Section 6 applies the AST to the sphere-force calculation. Section 7 examines
mechanical energy, stress power, and the proposed separation of transfer and dissipa-
tion. Section 8 considers the compressible-flow expression, and Section 9 summarizes
the proposed interpretation and its unresolved requirements. The appendix sets out the
polar-coordinate calculation used in the main text.

The comparison is theoretical and uses prescribed velocity fields rather than new
measurements. The illustrations identify elements, coordinate directions, and force com-
ponents; they do not constitute independent experimental evidence. Each example is
therefore read at three levels: the definition of the tensor, the differentiation or integration
performed on it, and the physical interpretation assigned to the result. Agreement at one
level does not automatically establish agreement at the others. In particular, a field with
zero stress divergence can still have nonzero stress, and a field with nonzero stress can
transmit different boundary tractions depending on the chosen normal. Similarly, a van-
ishing bulk force term does not imply a vanishing mechanical-power flux. Keeping these
distinctions explicit makes the proposed alternative easier to examine without confusing an
algebraic identity with a constitutive law or an experimentally established mechanism. The
remaining discussion retains the source equations and example sequence while specifying
the assumptions that are needed to interpret them. Any claim of general validity must
ultimately apply to the complete tensor field, the appropriate boundary conditions, and all
relevant balances, rather than to a selected scalar component alone.
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2. General and Symmetric Stress Tensors for Fluids

For completeness, this section introduces the total fluid stress, its viscous contribution,
and the conventional symmetric constitutive expression used in the comparisons that
follow.

2.1. General Fluid Stress Tensor

The total stress tensor T for a three-dimensional flow is a second-order tensor. Double
arrows denote tensor quantities throughout this manuscript. The pressure and viscous
contributions are written separately as

S L
T=|0 —-p 0]|+7, (1)
0 0 —-p

where p is the fluid pressure and G is the complete viscous-stress tensor, including the
volumetric contribution. Following the notation adopted from [3], it is expressed as

. 1 T2 T3 AV - ‘7 0 0
0= |T1 T D3|+ 0 AV .-V 0 , (2)
1 T2 133 0 0 AV -V

where Tij. with i,j = 1, 2,3, denotes the components of the viscous-stress contribution
considered separately from the volumetric term; A is the second viscosity coefficient; and V
is the velocity vector. The scalar V - V is the velocity divergence. This notation makes the
volumetric contribution explicit and allows the subsequent comparison to distinguish it
from the remaining components.

The following discussion considers both the complete viscous-stress tensor # and
the tensor 7 = [7ij]. The proposed asymmetric relation is examined as an alternative
constitutive description. Its physical interpretation must be assessed together with the
definitions of traction, angular-momentum balance, and stress power, rather than from the
component expressions alone.

2.2. Symmetric Stress Tensor (SST)

The standard symmetric viscous-stress relation described in the cited textbooks [2-8]
has the following components:

d d d
T =24 (aul), Zy( uz) =2u ( u3> - normal stresses,
X1 X3

d d

T2 =T =} (azl azz) - symmetric shear stresses,
2 1
©)

d d
TI3=T1 =} u1 s - symmetric shear stresses,

8x3 8x1

0 0
T3 =T =} u3 12 - symmetric shear stresses,

axz aX3

Here x; and u;, with i = 1, 2, 3, are the spatial coordinates and velocity components,
respectively. Thus, (x1,x2,x3) = (x,y,2z) and (uy, up, u3) = (1, v, w). The coefficient y is
the dynamic viscosity. The displayed components represent the part of the constitutive
relation that is written separately from the second-viscosity term.

Compared with the simple-shear expression usually associated with Newton’s law
of viscosity, the general symmetric relation contains both cross derivatives. For example,
duy/90xy and duy /dxy enter the same shear component. The author questions the interpre-
tation of this pairing in the preceding manuscript [21]. In the conventional formulation,
the pairing represents the symmetric part of the velocity gradient; it should therefore
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be distinguished from an assumption that equal stress components have equal spatial
derivatives in different directions.

Terminology is also important in this comparison. A nonsymmetric tensor is one
that does not necessarily equal its transpose. An antisymmetric tensor, by contrast, equals
the negative of its transpose and has zero diagonal components. These terms are not
interchangeable. Some historical publication titles use the word antisymmetric, but that
wording should not be taken to mean that the complete AST proposed here is purely
antisymmetric. The matrix in Eq. (38) generally contains both symmetric and antisymmetric
parts. The conventional rate-of-deformation tensor is the symmetric part of the velocity
gradient, whereas the remaining part describes local rotation. A constitutive relation
built from the complete gradient therefore responds differently to rigid-body rotation
from one built from deformation alone. This distinction is present before any coordinate
transformation is performed. It must remain visible when the same symbols are used in
Cartesian, polar, and spherical-coordinate examples, because changing the basis does not
change whether a properly defined tensor is symmetric at a particular physical point.

3. Why Does the SST Work in Practical Flow Calculations?

The preceding manuscript [21] questions the suitability of the SST for fluids, whereas
the symmetric constitutive description has an extensive history of practical use. This section
presents the author’s interpretation of that apparent tension. The following five categories
organize the proposed objections and identify the examples examined in detail. Their
presentation does not by itself establish that conventional continuum mechanics requires
the additional assumptions used in those objections.

1) Agreement in selected calculations. The author argues that the conventional deriva-
tion of the N-S equation and the calculation of Stokes drag contain steps that do not fully
retain the stress interpretation being challenged. The AST is proposed as an alternative
route to the same momentum equation and drag result. The sphere example is then used to
examine a claimed discrepancy in lift. These comparisons require particular attention to
whether the same traction definition is used in both calculations.

2) Interpretation of wall traction. The author questions whether the usual wall-shear
expression and airfoil-force integrals include every component implied by a symmetric
tensor. The argument concerns the distinction between a tensor component on a specified
plane and the traction acting on the physical wall. The role of Newton’s third law is
discussed in that context, with the adopted surface-normal convention requiring explicit
identification.

3) Stress increments and element dimensions. The planar Poiseuille-flow example
is used to question the simultaneous equalities imposed at different positions on a fluid
element. The author also examines a relation involving the element aspect ratio and
interprets it as a possible source of grid dependence. These issues must be assessed at the
level of the stated spatial assumptions.

4) Rigid-body rotation. The author distinguishes zero dissipation from a claim of zero
stress-mediated energy transfer in a rotating configuration. The conventional Newtonian
relation gives zero viscous stress for exact rigid-body rotation. The proposed counterexam-
ple introduces an applied torque and a resisting load, raising the additional question of
whether exact rigid-body rotation remains dynamically admissible under those conditions.

5) Interpretation of dissipation. The author proposes describing viscous dissipation
through relative deformation, termed sliding motion in this manuscript. Couette and
planar Poiseuille flows are contrasted with rigid-body rotation. The latter has a nonzero
velocity gradient but zero symmetric rate of deformation. The subsequent energy dis-
cussion examines the author’s proposed decomposition while distinguishing a kinematic
description from a thermodynamic justification.

The following subsections develop these arguments through explicit stress compo-
nents, force expressions, and energy balances for the selected flow configurations.
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3.1. On the Derivation of the N-S Equation

The conventional derivation of the N-S equation includes the divergence of viscous
stress in the local momentum balance. The fluid element in Figure 1 illustrates the stress
components and their first-order spatial increments. In the adopted notation, these in-
crements are T{; = T3 + (07T13/0x3)Axz and 75, = T31 + (9731/0x1)Ax;. Each expression
compares a component at two nearby positions along its specified coordinate direction.
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Figure 1. Fluid Element and Stress Components in the Momentum-Balance Construction

The argument below imposes the equalities T3 = 731 and 7{; = T4, on the illustrated
components. The intended purpose is to impose a moment condition about axes such as
AA" and CC'. However, stress symmetry is a local statement at a common spatial point.
Equalities between components evaluated at different face positions require an additional
justification and must not be inferred from local symmetry alone.

Using the adopted index convention, the viscous-force density associated with the
components T;; is written as

e = 4)

Derivations of the viscous-force density are available in standard textbooks [3,22—
24], while the preceding manuscript discusses the author’s alternative interpretation [21].
Repeated indices are summed according to the Einstein convention. For example, I’ =
9T11/9x1 + 9T12/9x2 4+ 9T43/9x3. Corresponding expressions apply to £ and f{**. The
derivatives describe local spatial variations of the relevant stress components.

For a finite control volume, the surface-force balance involves the traction distributed
over every face, together with body forces and the rate of momentum change. The point-
wise differential equation follows from the limiting form of that balance. When moments
are taken about a different origin, the resultant moment changes by the moment of the
resultant force about the displacement between origins. Consequently, one cannot indepen-
dently set every finite-element moment to zero while retaining arbitrary nonzero resultant
forces and then infer new pairwise equalities between face stresses. The local angular-
momentum condition and a separate finite-element static-equilibrium construction are
different statements. This is why the position at which each component is evaluated matters
in the argument. A diagram can suppress that distinction when all face labels are written
without coordinates. In the present notation, primes should therefore be understood as
identifying the stated displaced positions, not as a second tensor at an unspecified common
point. That clarification is necessary before Eqs. (7a)—(8) can be interpreted as constraints
on a continuum field.

For constant viscosity coefficients, the symmetric constitutive relation and Stokes’
hypothesis, A = —2u/3, give the following momentum equation for a compressible
Newtonian fluid:

ou; dui\ _ dp 9%u; 1 0 [duy
p(at +”fax]) ax; T Moy T3t ax \a ) ©)
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This equation includes the velocity-divergence contribution under the stated con-
stitutive assumptions. The quantity f;; denotes body force per unit volume. For an
incompressible fluid with constant dynamic viscosity, the momentum equation reduces to

ou; ou; ap 0%u;

Egs. (5) and (6) are the conventional compressible and incompressible forms used here.
Their applicability depends on the stated constitutive and material assumptions; they are
not unrestricted descriptions of every possible fluid.

The derivation is presented in the cited textbooks [3,22-24]. The discussion below
challenges the author’s interpretation of the stress equalities entering a finite-element
moment argument, rather than the algebraic operation of taking the stress divergence itself.

The author’s argument:

The author’s argument starts from the requirement that the illustrated shear stresses
satisfy moment balance about selected axes. Taking CC’ and AA’ as reference axes is
interpreted as giving Tj3 = 131 and 1{; = T4;. The textbook discussions cited here [3,22—
24] provide the background for the moment-balance construction. The additional step
considered below is to require corresponding equalities about other axes of the same finite
element. Whether those equalities refer to a common point is essential to assessing the
argument.

The author then chooses BB and DD’ as alternative axes and imposes 731 = T{5 and
Ti3 = 74, Combining all four equalities gives Tj3 = 131 = T{; = T4, = T, as illustrated
in Figure 2. Under these additional conditions, the selected shear components have no
difference across the element. The author interprets this result as excluding the first-order
increments shown in Figure 1. This conclusion is conditional on the imposed cross-position
equalities; local tensor symmetry alone does not require them.

T
—>

Figure 2. Equal Face Stresses Imposed in the Author’s Construction

The preceding manuscript extends this equal-stress construction to the surrounding
domain [21]. If the resulting field were spatially uniform, its stress divergence would
vanish and it could not generate the viscous-force density in the momentum equation. The
crucial issue is therefore the validity of the added equalities, rather than the consequence
of differentiating a genuinely uniform field.

The author’s proposed conclusion is that the imposed equal-stress construction elimi-
nates viscous-force gradients. This should be read as a conclusion about that construction,
not as an established proof that every symmetric stress tensor must be spatially uniform.
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3.2. On the Conflicts Between Calculus and SST for Fluids

For a two-dimensional illustration, the element in Figure 3 is used to compare spatial
increments of the two shear components. The first-order expressions are 7/, = Ti3 +
(0T13/0x3)Ax3 and T}y = T31 + (9731/0x1)Ax1. The derivatives are taken in different
directions, and the primed quantities generally refer to different positions on the element.
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Figure 3. Fluid Element and Directional Shear-Stress Increments

Ax1

Under the equalities imposed in the author’s construction, the following relations are

obtained:
T1 = T13, (7a)
0731 , 9713
T31 + EAxl =T3+ TJ@AX:}). (7b)
Combining Egs. (7a) and (7b) gives the following relation between the selected incre-
ments:

(8)

AX3

9t3 _ 9T (A
dxz  0x; '

The relation in Eq. (8) connects d113/0dx3 and 9131 /9x; through the element ratio
Axq/Axs. The author considers a sufficiently small element and asks what happens if Ax; is
doubled while Ax3 remains fixed. If one derivative is held unchanged, the imposed relation
would require the other to change with the aspect ratio. This is interpreted as a dependence
of the stress calculation on the selected element dimensions. The inference follows from the
cross-position equality used to obtain Eq. (8); it is not a general consequence of equality
between two tensor components at the same point.

The author notes that practical flow computations do not normally solve this im-
posed relation directly; they solve the momentum equations. Consequently, the proposed
aspect-ratio argument does not, by itself, demonstrate a failure of grid convergence in a
conventional discretization. A numerical convergence claim would require a specified
scheme and a consistent refinement study:.

The author’s argument:

The planar Poiseuille-flow example makes the distinction between local component
equality and directional spatial variation more explicit. The author uses this example to
examine the compatibility of the particular primed-stress equalities with a nonzero pressure
gradient.

Planar Poiseuille flow occurs between two stationary parallel plates and is driven by
a streamwise pressure gradient, denoted here by Ap/Ax. For the steady, fully developed
laminar configuration, the velocity profile is written as

u:-i(ii)(H—z)z; w=0. )
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The velocity profile in Figure 4 has a streamwise component that varies across the
channel and no transverse velocity component.

A !
: v U
! -y H
b X
0 L
Ap o
Ax ~

Figure 4. Planar Poiseuille Velocity Profile Under an Applied Pressure Gradient

Using the symmetric constitutive relation, the relevant stress components are

ou oJw A H
sz:sz:,u<aZ+ax) = (AZ) <2—2>, (10)

Their directional derivatives with respect to z and x, respectively, are

0Tz  Ap 0Ty
0z Ax’  ox

Applying first-order spatial increments to the element in Figure 5 gives the stresses

at the upper and right faces. The increments are Az and Ax, respectively, although both

dimensions are not shown explicitly in the illustration:

=0. (11)

d A
Tz/x = Tzx + T Ax = Ty + (p>Ax/

aax Ax (12)
T,
T, = Tyz + a—;ZAz = Tyz,

These expressions use the directional derivatives given in Eq. (11).
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Figure 5. Planar Poiseuille Velocity Profile and Viscous-Stress Components

The author compares the primed components in Eq. (12) with the local equality
Tzx = Txz. Because the imposed pressure gradient is nonzero, the two selected increments
do not produce equal primed values. The proposed objection is that symmetry cannot be
retained under this construction. However, the primed stresses occupy different spatial
positions: a symmetric tensor may vary with z while remaining independent of x. The
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example therefore requires careful separation of local symmetry from the additional equality
between different face locations.

The Poiseuille profile provides a direct way to organize the comparison without chang-
ing the prescribed velocity field. At a fixed point, the two symmetric shear components
have the same value. Moving vertically changes that common value because the streamwise
velocity gradient changes with height. Moving horizontally does not change it in a fully de-
veloped flow. These two statements are compatible: equality of functions does not require
their derivatives with respect to different independent variables to be equal. The directional
derivative must be taken with respect to the same coordinate before component equality
is differentiated. Thus, the comparison between an upper face and a right face includes
both a component selection and a position change. Separating those operations is essential
to interpreting the primed quantities. This also explains why the same example cannot
establish an unavoidable dependence on grid aspect ratio without first establishing the
cross-position premise used to derive that dependence. The physical continuum solution is
fixed before a numerical mesh is chosen, and the discretization is then evaluated according
to how faithfully it approximates that solution.

3.3. On the Calculation of the Lift and Drag on Airfoils

The wall-force construction in Figure 6 illustrates the usual calculation of lift along the
y axis and drag along the x axis. Under the appropriate local wall-coordinate and boundary
conditions, the commonly used wall-shear expression is [3,5,6,23,25,26]

ou
e Iu(ay>y—0, (13)

where 7 is wall shear stress, measured in Pa or N/m?. The coordinate y is normal to
the local wall, u is the tangential velocity component, and y = 0 denotes the wall surface.
The derivative is evaluated at that surface.

The wall shear stress acts tangentially, while pressure contributes normally to the
airfoil surface. Their projections onto directions perpendicular and parallel to the incoming
flow define lift L and drag D, respectively. The corresponding expressions are written as
[3,25]

TE TE

L =/ (—pucosf + T, sin0) ds+/ (—p;cos + 7 sin ) ds,
LE LE (14)

TE TE

D :/ (—pusin® + 1, cos6) ds—i—/ (—p;sin@ + 7 cos0) ds,
LE LE

The integrals extend from the leading edge (LE) to the trailing edge (TE) on both
surfaces. Subscripts u and / identify the upper and lower airfoil surfaces, respectively.

Such force calculations form part of established aerodynamic analysis. The broader
role of computational fluid dynamics in aircraft design and its remaining challenges are
discussed by Witherden and Jameson [27] and by Spalart and Venkatakrishnan [28]. These
applications provide context for examining wall traction, but their success does not remove
the need to state the tensor and surface-normal conventions consistently.

—_—

—_—

Figure 6. Pressure and Tangential Wall Stress on an Airfoil at Incidence
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The author’s argument:

The author argues that an additional component, denoted 7’ and shown in red in
Figure 7, should be included when a symmetric stress tensor is used. In this interpretation,
7’ is perpendicular to the tangential stress T and has the same magnitude. It is treated as
acting opposite to the local pressure contribution. This is a proposed interpretation of the
tensor components; the actual wall traction must be determined using the tensor contracted
with the wall normal.

With that additional proposed wall component, the author’s force decomposition
gives the following alternative lift and drag expressions:

TE TE
:/ [(T), — pu) cos 0 + T, sin 0] ds+/ [(t/ — p1) cos 0 + 1 sin 6] ds,
LE LE (15)
TE TE
D:/ [(T[l—pu)sin9+rucos9]ds+/ [(t/ — p;) sin 6 + 1; cos 0] ds.
LE LE

— AY

Py

.
—_—
U |y T
— s
__q? :: ““““ \

—_— e
— >

Figure 7. Additional Wall Component Proposed in the Author’s SST Interpretation

The author is not aware of standard airfoil calculations using these additional terms.
One possible approximation discussed in the source manuscript is that their magnitude
could be small relative to the pressure contribution in attached flow. However, the more
fundamental question is whether the proposed component belongs to the traction on that
particular surface. A small contribution and an incorrectly assigned surface component are
different issues and should not be conflated.

The author’s argument requires both proposed components to enter the wall-force
calculation whenever they are nonzero. In that interpretation, equal tangential and trans-
verse components would modify the expressions in Eq. (14). The sphere example is then
introduced because the viscous and pressure contributions are of comparable importance
in creeping flow. The author finds an unchanged drag expression but a nonzero transverse
result after adding the proposed component. This outcome motivates the following com-
parison. It does not independently establish an inconsistency in symmetric stress, because
the physical force depends on the traction on the actual sphere surface and on the full
three-dimensional surface integration.

A wall-force calculation should begin with the local unit normal and the complete
traction vector. Under the index convention used in the Cartesian momentum balance, the
normal contracts with the tensor’s surface-normal index. The tangential wall force is then
the tangential projection of that resulting vector. A complementary shear component refers
to a different orientation of the imagined surface on which traction is being evaluated; it is
not automatically a second independent force acting on the original wall. This geometric
distinction is separate from Newton’s third law, which relates the forces exerted across a
common interface. Pressure and viscous traction can subsequently be projected into lift
and drag directions and integrated over the body. For a curved wall, the local normal and
tangent change along the surface, so the projection must be performed consistently at each
location. These steps provide a common basis for assessing both the conventional and the
proposed expressions. They also distinguish a legitimate boundary-layer simplification
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of wall traction from an assertion that the tensor has silently changed from symmetric to
nonsymmetric.

3.4. On Stokes” Drag Law

Stokes’ drag law is a major analytical result in viscous-fluid mechanics. The historical
work examined pendulum motion with fluid friction and provided the creeping-flow
resistance of a sphere [29]. The sphere-drag relation subsequently became a basis for
viscosity measurements, including falling-sphere viscometers [30]. Its scientific influence
extends well beyond this single application.

Cartwright discusses the historical connections between Stokes’ law, viscometry, and
several Nobel-recognized developments [31]. Millikan’s work used a correction to Stokes’
law in determining electrical charge [32]. These examples illustrate the significance of
the drag relation while remaining distinct from a proof of any particular interpretation of
tensor components.

Stokes used a symmetric viscous-stress formulation in his development of fluid-
motion equations [33]. The practical success of the drag law consequently supports the
usefulness of that framework, although a single force result cannot uniquely identify
every constitutive assumption. The following calculation reproduces the conventional
sphere-flow expressions and then presents the author’s proposed additional terms. The
two calculations must be compared using a common definition of surface traction.

The conventional sphere-flow solution is summarized first, following Stokes and
later treatments [29,34,35]. A sphere of radius a translates at speed U to the right, or
equivalently remains stationary while the far-field flow approaches from the right, as
shown in Figure 8. In the steady creeping-flow approximation, inertia is neglected and the
momentum equation reduces to

Vp=uV?V & V-V=0. (16)
y
<_
a <+—
U
4_
0 X
<_
4_

Figure 8. Pressure and Viscous Traction on the Sphere Surface

The flow is axisymmetric about the x axis. A spherical-coordinate description can
therefore be expressed through the meridional variables » and 6 shown in Figure 8. The
boundary conditions are

(17)

u, =0, ug=0 whenr=a,
u, = —Ucosf, ug=Usin® whenr = co.

Here r is the radial distance from the sphere center, and 0 is the angle measured from
the x axis in the illustrated meridional plane. The indicated positive orientation fixes the
component signs.

Solving the creeping-flow problem gives the following velocity components:
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3
Uy = —Ucos@(l—?)a+ a ),

2r 23
3a a3 (18)
ug=Usinf|1— — — — |,
0 4r 43

The corresponding pressure field is

9 (% 2\[1, ,( 2 3r a 3 a
p ;4cos€ar<ar2 r2> [41,151 < p + p rﬂ zyur2 cos 6 (19)

On the sphere surface, these expressions become

3ul
Pli—y = g—acos 6. (20)

White and Majdalani [34] and Lautrup [36] present corresponding expressions with
the opposite far-field flow direction. Signs must therefore be compared using the stated
orientation.

For the symmetric constitutive relation, the shear components evaluated on the sphere
surface take the form

10u, Odu u 3uld
sym|  _ _sym|  _ (10up dug ug ey 21
Tor ‘r:a Rl ‘r:a ﬂ(r o o ),_a 22 O @)

Following the conventional treatment [29,34,36], the axial drag is obtained by integrat-
ing the relevant pressure and viscous-traction projections over the sphere surface shown in
Figure 8:

D=— / Tor|,—, SINOAA — / pl,_,cos0dA = —4rulla —2rtulla = —6mrula,  (22)
S S

Here dA = 27ma?sin0df is the area of a spherical ring associated with the polar
increment df. The negative sign of D follows from the chosen flow direction; the drag
magnitude is 6rtula.

The author’s argument:

Using the same pressure and shear expressions, the author writes the following
transverse-force integral:

L= /r9,|r:u cos0dA f/p\,:a sinfdA = 0. (23)
S S

The displayed calculation gives the familiar drag magnitude and a zero transverse
result for the unmodified expression. Axisymmetry requires the net transverse force to
vanish. When interpreting a transverse projection, the azimuthal cancellation over the
complete sphere must be retained; the spherical-ring area alone is directly suited to an
axisymmetric axial projection.

The author next introduces the additional component 7,9 shown in red in Figure 9,
alongside Tp,. Their equality follows from symmetry at a common point, but assigning
both to the same physical surface requires examination of the surface-normal index. The
calculation below retains the author’s proposed assignment for comparison.

Including this proposed additional component gives the following modified axial-force
integral:

D=-— / Tor|,_, SINOdA + / (oo — p)|y—gcos0dA = —4mrulla — 2rpula = —6rrpla.
s S

(24)
In the displayed calculation, the added term integrates to zero in the axial direction,
leaving the conventional drag magnitude unchanged.
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Figure 9. Additional Sphere-Surface Component Proposed in the SST Calculation

For the corresponding proposed transverse-force calculation, the author obtains

L— / Tor|,_, cosOdA + / (Tg — p)|,_, sin@dA = drrulla, (25)
S S

This expression gives a nonzero transverse quantity, which the author interprets as a
contradiction with the axisymmetric flow. The result instead requires checking both the
traction assignment and the azimuthal integration before it can be used to draw a conclusion
about tensor symmetry. It is retained here as the contested calculation developed in the
manuscript.

The geometry of the sphere adds a further distinction. An axisymmetric pressure or
shear magnitude depends on the polar angle but not on azimuth. Its axial projection can
therefore be integrated over a complete ring using the factor 27r. A transverse Cartesian
projection includes an azimuthal directional factor, and the contributions around that ring
cancel. A meridional component drawn on one side of a two-dimensional sketch is therefore
not itself the net three-dimensional lift. The same consideration applies whether the
constitutive tensor is symmetric or nonsymmetric: the geometry of the surface integration
cannot be altered by renaming the stress components. The force comparison must use
the same surface, normal orientation, and coordinate basis in both cases. If a modified
expression gives a transverse result for an otherwise axisymmetric field, the first task is
to inspect those projections and integration limits. Only after that check can the result
be attributed to a constitutive difference. This distinction preserves the usefulness of the
sphere as a test problem while avoiding a conclusion based solely on a meridional force
sketch.

Section 6 presents the corresponding calculation using the proposed AST and compares
its drag and transverse-force expressions with those given above.

3.5. On Stresses, Energy Transfer and Dissipation in the Rigid Rotating Flows

Rigid-body rotation can occur in fluid confined between two concentric cylinders of
radii Ry and Ry when both cylinders rotate at the same angular velocity w, as illustrated in
Figure 10. After the transient motion has decayed, the fluid can rotate with the cylinders
without a rate of deformation. This example is frequently used to distinguish rotation from
strain in continuum mechanics. Under the conventional Newtonian relation, the viscous
stresses vanish in exact rigid-body rotation. The total stress need not vanish, because
pressure remains present and supplies the radial force required by the rotating motion. The
discussion below concerns viscous stress and viscous stress power, not the absence of all
forces in the fluid.

In two-dimensional polar coordinates, the velocity field for rigid-body rotation is
written as
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{ug = wr, (26)

ui':O/

where r is the distance from the rotation axis to the point under consideration.
The conventional symmetric viscous-stress components are given by [37]

. Ouy - 1dug = u,
Tr =250 T = Zﬂ(rae ) o
o — g — g LM Oue _Ue
o= =M T or T )
Substitution of the rigid-rotation velocity field gives zero viscous stress because
Tr=0;, T =0,
" 06 (28)

Tor = Trg = 0.

The conventional symmetric relation therefore gives zero viscous dissipation for this
exact velocity field. This result follows from the vanishing rate of deformation, despite
the nonzero velocity gradient. It does not assert that pressure vanishes or that every
conceivable externally loaded rotating apparatus can preserve exact rigid-body motion.
The example below introduces additional loading and asks whether viscous torque can be
transferred while the same kinematics are retained.

Figure 10. Concentric Cylinders and the Rigid-Body Rotation Configuration

The author’s argument:

Consider the concentric-cylinder configuration in Figure 10. The outer cylinder is
called the driving cylinder and the inner cylinder the following cylinder. They are mounted
on separate shafts, with no solid mechanical connection between them; their interaction
is through the intervening fluid. If both cylinders and the fluid rotate at angular speed
w, the resulting velocity field is that of rigid-body rotation. This description specifies the
kinematics, but a sustained torque-transfer example also requires a compatible mechanical
balance and constitutive relation.

In an idealized unloaded configuration with no resisting bearing torque, the cylinders
and fluid can maintain their established rotation without a continuing driving torque. Zero
viscous stress is compatible with this motion. The pressure field provides the radial acceler-
ation, while the absence of a viscous torque means that no viscous power is transmitted
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between the cylinders. This is the situation represented by the conventional rigid-rotation
solution.

Now introduce a resisting torque on the inner cylinder and a compensating driving
torque on the outer cylinder. The author assumes that the entire system nevertheless
continues to rotate at the same angular speed. Under this assumption, input power
must pass through the fluid to balance the resisting load. The question is whether that
state is compatible with the material law. For a classical Newtonian fluid, transmitting a
steady viscous torque requires deformation; exact common-speed rigid rotation does not
supply that deformation. The proposed example therefore requires a justified constitutive
mechanism or a departure from exact rigid-body rotation.

Denoting the resisting torque magnitude by Tj,;,¢, the associated dissipated power at
angular speed w is

Pyiss = WTinper, (29)

The corresponding applied power at the outer cylinder is

Pdriving = wTouter, (30)

where Ty ey is the applied torque magnitude. If the source and load rotate at the
same angular speed and no other losses are admitted, the assumed steady power balance
requires pdriving = Pyiss, giving

Touter = Tinner- (31)

The equality states that the applied torque balances the resisting torque under the
specified assumptions. The author interprets this as requiring nonzero fluid shear stresses to
transmit torque from the outer cylinder to the inner cylinder. That interpretation identifies
a necessary stress for the proposed loaded state, but it does not establish that the state can
remain an exact rigid-body rotation for an ordinary Newtonian fluid. The constitutive and
kinematic conditions must also be mutually compatible.

The proposed counterexample therefore raises a constitutive question about loaded
rotation. It does not establish that the symmetric Newtonian relation fails for its own exact
rigid-rotation solution.

The cylinder example also requires a distinction between exact and approximate rigid
rotation. With a sufficiently small resisting load, two cylinders can rotate at nearly the
same speed while a small relative velocity gradient transmits viscous torque through the
intervening fluid. Such a state may look close to rigid rotation in a schematic drawing, but
the small deformation is precisely what supports the Newtonian viscous stress. Taking the
deformation to zero while keeping a finite torque fixed is therefore not the same limiting
process as letting both the deformation and transmitted torque tend to zero. The mechanical
specification must state which quantities are controlled: the cylinder speeds, the applied
torques, or some combination determined by the drive and load. Once those controls are
specified, the velocity field follows from the governing equations and boundary conditions.
Assuming common angular velocity and an independently prescribed finite transmitted
viscous torque can overconstrain the classical model. The proposed AST must likewise be
evaluated with compatible controls, rather than being assigned a torque-transfer role solely
because its components remain nonzero for a rotating velocity field.

3.6. On Energy Dissipation in Compressible Flows

The conventional local viscous-dissipation expression is written as the contraction of
viscous stress with the velocity gradient:

aui

(32)
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This expression has the dimensions of power per unit volume. Its physical interpreta-
tion depends on the constitutive relation and the energy balance in which it appears. The
following discussion examines the compressible form; Section 8 returns to the alternative
expression proposed for the AST.

Substituting the symmetric components from Eq. (3) and the stated second-viscosity
relation gives

o2 (2 4 () 1 (20) ] b (2 2) (e ) (2 ey
—F ox dy 0z dy  Ox dy 0z dz  Ox

2/0u v dw\?
This expression appears in standard treatments [6,34]. The negative final term follows
from Stokes” hypothesis, A = —2u/3. For incompressible flow, the velocity divergence

vanishes and this term is zero. The remaining squared terms give a nonnegative dissipation
rate, which may be zero when the deformation rate is zero. The irreversible conversion is
from mechanical energy to internal energy; the expression does not imply destruction of
total energy.

For compressible flow under the same hypothesis, rearranging the normal-gradient
terms gives the equivalent expression

o {2l(auav)2+ (aaw)+ (aaw)] . (auavf
BAEIACE ay dy 0z dx oz dy = Ox
dw  v\? u  ow\?
+(ay+8z> +(az+8x) } (34)

This rearrangement also makes nonnegativity explicit. Studies of high-speed flow
describe important processes of energy conversion, transfer, and heating [38,39]. However,
those observations do not establish a universal rule that every nonzero velocity divergence
must increase viscous dissipation relative to an unspecified incompressible comparison.
The source manuscript used Al-generated explanations as part of this discussion; those
explanations are not retained as scientific evidence. The relevant mechanisms instead
require separate physical definitions and appropriate literature support.

Four mechanisms must be distinguished. First, shocks involve irreversible changes
and require a consistent thermodynamic description. Second, viscous dissipation depends
on deformation rates and constitutive coefficients, rather than on compressibility alone.
Third, compressible turbulence contains pressure-velocity and density correlations that
affect energy redistribution and must be treated within the relevant averaged or resolved
equations. Fourth, acoustic radiation transports energy away from a region, whereas its
eventual absorption converts that energy into heat. These processes can coexist in high-
speed systems, but their contributions cannot be inferred solely from the sign of one term
in a local viscous-stress formula.

The following example examines a particular dilatational velocity field under Stokes’
hypothesis and identifies the precise condition under which the conventional viscous-
dissipation expression vanishes.

The author’s argument:

Although Eq. (34) is nonnegative, it need not be strictly positive for every compressible
velocity field. Consider the special case defined by

ou dv _ Jw ou; S
57@78278#0 and axij fori #j. (35)
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The velocity divergence is nonzero for this field, since

VoV:erer—Z:SS#O. (36)
Substitution into the stated dissipation expression gives

® = 0. 37)

The displayed zero results from isotropic dilation under the zero-bulk-viscosity im-
plication of Stokes” hypothesis. The author originally interprets it as a contradiction with
increased dissipation in compressible flow. That interpretation requires qualification: a
negative second viscosity coefficient does not imply negative bulk viscosity, and a zero
result for this idealized field does not violate nonnegative dissipation. A nonzero bulk
viscosity changes the dilatational contribution without requiring a nonsymmetric Cauchy
stress.

The distinction between second viscosity and bulk viscosity is central to the compress-
ible example. In the conventional three-dimensional isotropic Newtonian relation, bulk
viscosity combines the second coefficient with two thirds of the shear viscosity. Stokes’
hypothesis sets that combination to zero; it does not assert that every compressible process
is reversible or that shocks cannot generate entropy. The isotropic dilatational velocity
field used here has no deviatoric deformation, so its viscous dissipation depends on the
bulk contribution. Other compressible fields can have substantial deviatoric deformation
and positive shear-viscous dissipation even under the same hypothesis. Thermal conduc-
tion and other irreversible processes are also distinct contributions to entropy production.
Consequently, the interpretation of Eq. (37) must be limited to the displayed constitutive
model and velocity field. Comparing that result with a high-speed flow containing shocks,
temperature gradients, and turbulence requires additional information rather than an
appeal to compressibility alone. This coefficient distinction also prevents the positive value
chosen for the AST momentum equation from being mistaken for a direct measurement of
the conventional bulk viscosity.

4. AST for Fluids and the Derivation of the N-S Equation

The preceding section presents the author’s objections and identifies assumptions
that require particular care. This section introduces the proposed AST and examines
the momentum equation obtained from it. The proposal differs from the conventional
symmetric Newtonian relation by retaining individual velocity-gradient components rather
than their symmetric combinations. The author motivates this choice by reference to
simple-shear viscosity. Extending a simple-shear law to arbitrary three-dimensional motion
is nevertheless a constitutive choice, and the resulting relation must be checked against
angular-momentum balance, observer invariance, and the energy equation.

4.1. Asymmetric Stress Tensor (AST) for Fluids

Sheng [18] previously proposed this asymmetric relation for fluid viscous stresses.
Its components resemble the simple-shear expression associated with Newton’s law of
viscosity. The present comparison uses the tensor notation of standard fluid-mechanics
treatments [5,40], while keeping the proposed constitutive assumption explicit. The compo-
nent expressions are
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T = duy T = duz). T33 = dus) normal stresses
n=g ax1 P2 =R aXQ P = H axg
0 0
T2 =H ( 8?) ;o1 = |1 ( a?) - asymmetric shear stresses
) 2 5 ! (38)
T3 =} ( 2) ; Tal = U (;{j) - asymmetric shear stresses
3=} (g:lc§> ; T = U (i;:f) - asymmetric shear stresses

Three differences from the SST are apparent. First, the displayed normal components
lack the factor of two present in Eq. (3); the author discusses this factor in the preceding
manuscript [21]. Second, each AST component contains a single velocity-gradient com-
ponent. Third, a nonsymmetric second-order tensor has nine component slots in three
dimensions, compared with six for a symmetric tensor. This component count does not
establish that the nine velocity gradients are independently specifiable in a given flow, nor
does it establish the physical superiority of either relation.

The earlier proposal [18] shows how the AST can reproduce a familiar viscous term in
the Cartesian momentum equation under stated assumptions. The preceding manuscript
[21] extends the associated objections to stress increments, wall shear, force integration, and
energy transfer. The following sections revisit those examples using the proposed relation.
Recovering the same divergence in a selected flow is an important algebraic observation,
but it does not by itself establish equivalence of the tensors: boundary tractions, torques,
and stress power can differ even when a bulk momentum equation has the same form.

Before examining the momentum equation, the author considers the response of fluid
and solid elements to shear. The intended distinction is between elastic deformation and
continuing fluid deformation. This distinction concerns material response; it does not
remove the requirement to satisfy angular-momentum balance for either material.

4.2. What Happens When the AST Is Applied to Fluids?

In classical continua without couple stresses or body couples, stress symmetry follows
from local angular-momentum balance. It is not restricted to solids and is not merely an
assumption that a fluid particle behaves as a rigid body. The author’s comparison below
contrasts elastic and viscous response to an applied shear. Such a contrast can clarify the
different deformation histories, but a proposed nonsymmetric fluid stress additionally
requires the corresponding angular-momentum mechanism to be specified.

Suppose a shear stress 193 is applied to the upper face of the solid element in Figure 11.
The element deforms according to its elastic constitutive response, while its complete
traction field must satisfy the appropriate force and moment balances. The author uses
the equality 1793 = 131 to discuss the complementary shear components. This equality
should be understood locally and should not be interpreted as a separate rule by which an
arbitrary applied stress automatically creates an independent balancing surface force. The
material deformation law and the angular-momentum balance play different roles in this
description.

For a fluid element, the same applied shear produces continuing deformation rather
than a fixed elastic strain. Figure 12(a) shows the applied component 713, and Figure 12(b)
illustrates the resulting deformation. The author interprets the response through the
simple-shear viscosity relation. In this example, the distinction between velocity and
velocity gradient is important: a shear stress is related to deformation rate, not directly to a
velocity component. The proposed scalar relation is written as

T3 = ]/l E . (39)
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Figure 11. Applied Shear Stress on a Solid Element

The author interprets the applied shear as being balanced by the viscous response
associated with the developing flow. The resulting simple-shear motion is the physical
example represented in Figure 12. This interpretation concerns one loading configuration
and does not, without a tensor constitutive argument, determine the other components for
an arbitrary flow.

The source argument further assumes that a complementary component 13; would
require a separate vertical flow. That inference is not generally valid for a Newtonian
constitutive relation. A nonzero stress component can arise from a cross derivative of
another velocity component, and a nonzero component does not require a velocity in its
own direction. The distinction is particularly clear in simple shear, where a symmetric
stress tensor is compatible with a unidirectional velocity field.

An applied shear can therefore produce continuing fluid deformation. The existence
and direction of that deformation do not alone decide whether the complete stress tensor is
symmetric.
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Figure 12. Applied Shear Stress and Deformation of a Fluid Element

4.3. Derivation of the N-S Equation with the AST

Substituting the proposed AST from Eq. (38) into the viscous-force density in Eq. (4),
for constant y, gives the following x-direction expression:

vis 82141 82141 Bzul - 82u1 40

= y(axlaaq + aXZBXZ + 8X33X3) —H ax]E)x] ’ ( )

The displayed AST contribution to f{** contains derivatives of 11 alone. Its analogous

components contain the corresponding velocity components. Any velocity-divergence

contribution associated with the separate second-viscosity term must still be included when
the complete viscous tensor is used.

Using the complete viscous tensor together with the proposed AST gives the momen-
tum equation
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(41)
The final terms in Eq. (41) arise from the separately specified volumetric contribution.
Matching the coefficient in the conventional momentum equation, Eq. (5), requires the
following value within this alternative constitutive representation:

’

1
A=gn (42)

The positive coefficient obtained here differs from the value used with the symmetric
representation under Stokes” hypothesis. Its sign cannot be compared in isolation from the
tensor definition in which it appears. Section 8 examines the proposed energy expression,
where thermodynamic admissibility requires consideration of the complete stress power.

Matching momentum equations is a useful consistency check, but its scope is limited.
Two stress fields can have the same divergence over a selected domain while differing
by a divergence-free tensor field. Their local force densities then agree, although their
surface tractions and torques need not agree on every boundary. Their mechanical-power
expressions can also differ because the velocity gradient contracts with the full stress, not
merely its divergence. For that reason, reproducing Eq. (5) is not sufficient to identify the
constitutive tensor uniquely. A stronger comparison would prescribe the same physical
boundary data and test the force, moment, and energy consequences together. The viscosity
coefficients must also be defined within their respective tensor relations before numerical
values are compared. The present manuscript does not supply a new independent measure-
ment that selects between the two descriptions. Its calculations should therefore be read as
consequences of the stated proposed relation, with the additional balance and invariance
conditions remaining part of the assessment.

5. The Proposed AST Resolution of the Conflicts

This section revisits the author’s proposed resolutions using the AST. The calculations
distinguish the local component relations from additional assumptions about different
positions on a fluid element. The ability to write a nonsymmetric relation does not itself
establish that symmetry caused the earlier difficulties.

5.1. On the Derivation of N-S Equation

The AST components are given in Eq. (38). Under this constitutive proposal, 713
and 131 need not be equal. Their values are determined by different velocity-gradient
components, subject to the kinematic and boundary conditions of the chosen flow.

For the element in Figure 1, the first-order increments are 7{; = 713 + (0713/0x3)Ax3
and Tél = T31 + (0731/0x1)Ax1. The AST does not impose equality between these two
components, so no additional cross-component constraint is introduced by this constitutive
choice. The author interprets the resulting nonuniform field as allowing the viscous-force
divergence and hence the momentum equation to be derived. The differentiation itself is
valid for any sufficiently smooth stress field, including a symmetric field whose components
vary spatially. Thus, the contrast concerns the additional equality imposed in the earlier
construction, rather than the applicability of calculus to symmetric tensors.

The stress increments shown in Figure 1 approach their corresponding directional
derivatives as the element dimensions decrease. For a fixed smooth continuum field, those
derivatives are determined by the field and are independent of the dimensions selected
for a schematic element. This statement applies to the proposed AST expressions but does
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not constitute a numerical convergence proof. A discrete solver can still have truncation
error, mesh distortion, or insufficient resolution. Demonstrating grid convergence requires
a specified discretization and systematic refinement while controlling the physical problem
and boundary conditions. Removing the imposed relation between Ax; and Axs avoids that
particular artificial constraint, but no constitutive relation alone guarantees convergence of
every numerical scheme.

5.2. On the Conflict of Calculus and SST in the Planar Poiseuille Flow

For planar Poiseuille flow, the proposed AST gives the following shear components:

ou A 1
Tz =ha, = (mﬁ) <Z - 2H>'
(43)

ow
Ty = ya =0.

The unidirectional velocity profile gives a nonzero Ty, under the proposed relation and
a zero Ty because the transverse velocity vanishes. This result follows from the particular
AST definition. It should not be generalized into a rule that every nonzero shear component
requires a velocity in the same direction. Applying the spatial increments to the element in
Figure 5 gives

JdT. A
Talcz = Txz + T;ZAZ = Txz + (AZ)AZ,

0Tzx
ox

Although Eq. (44) has the same incremental structure as Eq. (12), the component values
now follow from the AST. The horizontal stress changes with Az, while the zero component
Tz has no streamwise increment. The author interprets this as avoiding the earlier primed-
component equality. The underlying distinction remains between the selected constitutive
relation and the additional spatial constraint used in the original objection.

(44)

/
Ty = Tax + Ax = Tyy.

6. Stokes’ Flow: The Application of the AST

Section 3 presents the author’s modified sphere-force calculation and its nonzero
transverse result. This section retains the same comparison using the proposed AST. The
result must be interpreted with the traction and spherical-integration qualifications already
stated, rather than as an independent demonstration that a symmetric stress tensor predicts
physical lift in an axisymmetric creeping flow.

The proposed AST components in the coordinate convention developed in the ap-

pendix are
ou, 1du, uy

H\ =~ Wl =57 — — 0 0

3 Jar r 00 r

asym _ =
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At the sphere surface, the displayed AST gives 7,/ = 3ulsinf/(2a) and Ty"" =
0. The corresponding illustration is Figure 13. These values differ from the symmetric
component pair in Eq. (21). The subsequent comparison shows how this difference enters
the author’s force expressions; it does not dispense with the need to identify which tensor
component contributes to traction on the radial surface.

Using the stated force convention, the author’s AST calculation of axial drag is

7T
sin 0(27ra® sin 0 d6) +/ (Tfesym —p)|  cos@(2ma®sin 6 db)
0 0 r=a (46)

= —4rula — 2rtpla = —6rulla.

r=a
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Figure 13. Pressure and Proposed AST Components on the Sphere Surface

The resulting drag magnitude agrees with Stokes’ drag law. This agreement establishes
the value of the displayed integral for this flow, while the broader physical equivalence of
the constitutive descriptions requires separate checks of their tractions, torques, and energy
balances.

The corresponding transverse expression under the author’s AST calculation is

& asym
L:/O Ty,

The displayed result is zero, as required for the net transverse force by axisymmetry.
The full three-dimensional traction integral remains the appropriate reference for comparing
force calculations.

7T
cos 0(27ta® sin 0 d6) + / (ngsym —p)| sin@(27a®sinfdh) = 0. (47)
r=a JO r=a

7. Energy Transfer and Dissipation in Flows

Stress power provides an additional test of a constitutive proposal because the momen-
tum equation alone does not determine how mechanical energy is transferred or converted.
Rigid-body rotation is particularly useful: the conventional symmetric Newtonian tensor
gives zero viscous stress, while the proposed AST can remain nonzero. As discussed in the
cylinder example, this difference must be interpreted with compatible boundary loading
and angular-momentum balance. The term stress-free in this discussion refers only to the
viscous contribution, not to the pressure field [26].

The following analysis compares two kinematic configurations: planar Poiseuille
flow, in which neighboring material positions can change their separation, and rigid-body
rotation, which preserves the distance between material points. The source manuscript
calls these sliding and nonsliding flows. These descriptions help explain the examples,
but the constitutive and thermodynamic interpretation of stress power requires a local
rate-of-deformation tensor and the relevant energy balance.

7.1. Energy Conservation Laws for Flows
7.1.1. Mechanical Energy in Fluid Motion

A mechanical-energy equation follows by multiplying the incompressible momentum
equation, Eq. (6), by #; and summing over the repeated velocity index. The resulting identity
expresses the material rate of change of kinetic energy in terms of pressure, body-force, and
viscous-force power:

9 /(1, 0 (1,\| _ 9p OTjj
p[at<2ui)+u]axj<2ui)] - ulaxi+ulfhl+ulaxj' (48)

Here u;u;/2 is kinetic energy per unit mass, with summation over i. The left-hand
side of Eq. (48) contains its material time derivative multiplied by density. The right-hand
side contains the power contributions of the pressure gradient, body-force density, and
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viscous-force density. This is a mechanical-energy identity and should be distinguished
from an equation that also evolves internal energy.

The local viscous-force power u,;97;;/dx; can be positive or negative. A positive value
represents a local contribution to kinetic energy, while a negative value represents a local
removal. This term is not identical to the nonnegative viscous-dissipation function: the
stress-work flux must also be considered. The internal-energy equation describes the
conversion associated with dissipation and its relation to heating. Keeping the force-power,
flux, and conversion terms distinct avoids interpreting a local negative kinetic-energy
contribution as destruction of total energy.

7.1.2. Work Done by Fluid Viscous Stresses

Following the standard stress-work treatment [25], the divergence of the viscous
stress-power flux is written as

o(u;T;)

vis __
W=

(49)
The velocity component u; is contracted with the stress component carrying the same

force-direction index. The resulting flux divergence has units of power per unit volume.
Applying the product rule separates this expression into

. oT:: .
WY = uiTU + Tij= (50)

The first term on the right-hand side of Eq. (50) is the viscous-force power discussed
above. The second is the contraction of stress with the velocity gradient. For the conven-
tional Newtonian constitutive description, this contraction gives the viscous-dissipation
function under the stated conditions [5,22,41]:

aui

(51)
This contraction represents conversion from mechanical energy to internal energy for
the conventional viscous model. The full velocity gradient contains both deformation and
rotation, but a symmetric stress has zero contraction with the antisymmetric rotational
part. The physical interpretation therefore concerns deformation rather than every nonzero
spatial gradient of velocity.
Substitution of the symmetric relation and the stated volumetric coefficient gives the

following expanded expression:
@-2%2+a£2+a£2+al+alz+aﬂ+al2
s ox Ay 0z dy  Ox dy 0z
du  ow\® 2(0u v  ow\’
T4 (2L 8 52
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The expression is given in standard treatments [41]. Its negative final term follows
from Stokes” hypothesis, but the complete quadratic form is nonnegative. The isolated sign
of a term in one algebraic representation does not determine the sign of total dissipation.
This distinction becomes important when alternative coefficient definitions are compared.
The separation between stress-work transport and dissipation is particularly useful
when interpreting a local negative or positive term. The divergence of a stress-power
flux measures the net mechanical power passing into or out of a small region through its
boundary. The stress contraction measures a local conversion term once the constitutive

and energy equations have been specified. These quantities can have different signs and
different spatial distributions even in a steady flow. Integrating the flux divergence over a
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control volume converts it into a surface integral, whereas integrating a local conversion
rate gives the total conversion within that volume. An algebraic rearrangement can move
terms between displayed expressions, but it cannot remove the need for the same total
balance. The distinction also fixes dimensions: multiplying stress by a velocity gradient
gives power per volume, integrating over volume gives power, and integrating that power
over time gives energy. The symbols used in the source equations are retained, but their
physical interpretation must follow these units rather than the letter chosen to denote them.

7.1.3. The Total-Energy Equation for Fluid Motion

The manuscript writes the total-energy balance in the following form, following the
cited treatments [5,22]:

a(e+1u2) +u~a(e+1u2> =p4+x T + Ui fpi — 9P +u'% g, O
Plae\® T 2% ) THig \O 2% )| =PI Mg ax, 10 T iy, T g, T TG
(53)
Here e denotes internal energy per unit mass. The displayed heat terms represent
the specified volumetric heat input and conductive contribution, while the mechanical
terms describe pressure work and viscous effects. A term labeled as dissipation converts
mechanical energy to internal energy rather than adding energy from outside the system.
The complete balance, including boundary heat and work fluxes, is needed to determine
whether the local temperature rises.

7.2. Energy Transfer and Dissipation: In the Sliding Planar Poiseuille Flow

The material-element illustration in Figure 14 considers two small elements, e; and
ey, at different transverse positions in planar Poiseuille flow. Their positions at t = #;
are shown in panel (a), and their downstream positions at t = t; in panel (b). Because
the streamwise velocity varies with the transverse coordinate z, the elements can travel
different streamwise distances over the same time interval. The particular illustrated
ordering assumes that e, lies where the streamwise speed is greater. Deformation within
each small element is omitted from this schematic comparison.

Comparing the element positions at the two times shows that their separation can
change. The source manuscript calls this relative motion sliding. The example illustrates
deformation in a sheared flow and provides a setting in which stress power and viscous
dissipation can be evaluated explicitly. The relevant quantities are computed over a
specified control volume rather than inferred solely from the visual displacement of the
two elements.

@t=t B t=t,

Figure 14. Relative Motion of Material Elements in Planar Poiseuille Flow
For the planar Poiseuille velocity profile, Eq. (51) gives the local dissipation rate

33 ()

Integrating over the control volume outlined by the broken red lines in Figure 15 gives
the dissipation rate per unit span:
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Ax cH 1 (Ap 2 H\?2
_Ax(2p 2/H SR . PRI LV ) e (55)
u\Ax/) Jo 2 -~ 12u \ Ax '
The control volume has unit width in the y direction, which is not shown, height H,
and streamwise length Ax. The imposed pressure difference over this length is Ap. Because

a power density is integrated over volume, the quantity denoted Eg is a rate of energy
conversion, not an accumulated energy.

Figure 15. Control Volume for the Planar Poiseuille Power Balance

The pressure-gradient contribution to mechanical power is obtained by integrating
the corresponding term in Eq. (48) over the same control volume:

_ A (op _ Ho(Ap\ o Ax (Ap\? 4
Em—/o /0 u(ax>dxdz—Ax/0 M(Ax)dz_lzy(Ax)H‘ (56)

The pressure gradient dp/dx = Ap/Ax is constant. Integrating the viscous-force-
power term of Eq. (48) gives

B H ,Ax B H Ap _ Ax [ Ap 2 3
Efri/o/o u( )dxdzAx/O u(mc)dz_lZy(Ax)H' (57)

For this steady, fully developed configuration, the pressure contribution E;,, in Eq. (56)
and the viscous-force contribution Ef, in Eq. (57) cancel in the mechanical-energy equation.
There is consequently no net increase in the kinetic energy of the established velocity field.
This cancellation is consistent with pressure work supplying the energy that is converted
through viscous dissipation, subject to the stated no-slip boundaries and control-volume
assumptions.

The mechanical-energy equation alone does not determine the subsequent thermal
state. Reading the cancellation as destruction of energy would therefore be incorrect. The
lost mechanical energy appears in the internal-energy balance, and its eventual disposition
depends on heat conduction, thermal boundary conditions, and transport through the
control-volume boundaries. The distinction is between conversion and disappearance of
energy.

In physical terms, viscosity converts mechanical work into internal energy in the
sheared flow. This conversion is represented by the dissipation function in Eq. (51) and

0Ty
0z
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is included in the total-energy balance discussed around Eq. (53). A temperature rise is
possible, but it is not determined by mechanical dissipation alone: the fluid may also
transfer heat to its surroundings. The Poiseuille example therefore illustrates why the
kinetic-energy equation and the thermal balance must be interpreted together.

7.3. Energy Transfer and Dissipation: In the Nonsliding Rigid Rotating Flow

Consider two material elements, ¢; and ey, in the rotating configuration of Figure 16.
Panel (a) shows their positions at t = ¢;, and panel (b) shows their positions at t = t,. The
outer element travels a longer arc because its tangential speed is greater, but the distance
between the two material points remains unchanged under exact rigid-body rotation. This
is the defining kinematic distinction from deformation. White discusses this rigid-body
character [37]. The subsequent comparison examines the stress and power expressions
associated with the SST and the proposed AST for this same velocity field.

Figure 16. Material-Element Motion During Rigid-Body Rotation

Substitution of rigid-body rotation into the conventional Newtonian relation gives the
zero viscous stresses in Eq. (28). Viscous stress power and viscous dissipation then vanish.
The pressure field and the radial momentum balance remain necessary even though the
viscous contribution is zero.

Section 3.5 introduces a loaded-cylinder scenario in which the author assumes nonzero
torque transfer while retaining rigid-body rotation. The compatibility of those assumptions
remains essential. The AST gives nonzero components for the prescribed rotating velocity
field, whereas the SST gives zero viscous stress. The energy discussion must therefore
examine the resulting mechanical and angular-momentum balances, not merely choose a
definition that forces one part of the power expression to vanish.

7.3.1. Energy Dissipation on Friction Forces in a Rigid Rotating Flow: SST versus AST

For the symmetric tensor in two-dimensional polar coordinates, the viscous-force
density is written as

; oT, 19T, 1
vis __ rr +04e . _
F,, = o - 90 + , (Trr 799)/

s 0T 107, 2
A= v ae T
The zero viscous stresses in Eq. (28) give zero viscous-force density for exact rigid-body
rotation under the symmetric Newtonian relation.
For comparison, the proposed AST is expressed in two-dimensional polar coordinates

as follows; the appendix provides the adopted component calculation:

(58)

duy - (1our _up
Sasym _ |Tr 0| _ or M\ro0 7 (59)

o My 77
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Here 7,9 = pu(r~'0u, /90 — ug/r) and 19, = udug/0r are the unequal components in
the proposed convention. Substituting the rigid-rotation velocity field gives

%asym _ [ 0 —yw] ) (60)
Hw 0
The corresponding divergence expressions, using the component convention in the
appendix, are

; oT, 197, 1
VIS __ rr - ro - _
r= + - 90 + r(Trr TGG)/
aTgr 1 81'99 1

vis __ - -
o = or +r o0 +r(Tr9+Ter).

The formulas in Egs. (58) and (61) are written for symmetric and nonsymmetric
component sets, respectively. Their comparison requires consistent placement of the force-
direction and surface-normal indices.

Applying the displayed AST divergence to the rigid-rotation field gives

vis __

r — Y,

{fé’fs o 2

The author disputes the coordinate calculation in the critique [19] and argues that

the divergence formula used there assumes symmetry. The present displayed calculation

gives zero bulk viscous-force density for rigid-body rotation under the AST. This result

addresses linear momentum only. A zero divergence does not establish zero torque, an

admissible local angular-momentum balance, or a thermodynamically consistent stress-

power expression. Those additional requirements must be assessed independently before
drawing a conclusion about the physical acceptability of a nonsymmetric stress tensor.

(61)

7.3.2. Energy Transfer and Dissipation in Rigid Rotating Flows: SST versus AST

The analogy in Figure 17 is introduced to illustrate force transfer without sliding at a
solid contact. Block M1 is fixed to a trolley, and block M2 rests on M1. A resisting force
f acts on the trolley, while a force F acts on M2. Uniform translation of the complete

system requires equal and opposite external forces, written as F = —f in the selected
one-dimensional sign convention. Static friction between the blocks transmits the applied
load.

F
—>

f
77T 77 7FTTTIITIITIT

Figure 17. Force Transmission Through Static Contact Between Two Blocks

The author compares the static contact force between M1 and M2 with the proposed
fluid stresses in a loaded rotating system. The intended similarities concern force transmis-
sion and the absence of relative sliding. The analogy is descriptive, however, and does not
establish that an ordinary Newtonian fluid possesses the same constitutive response as a
solid interface with static friction.
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1) The two blocks have no relative sliding while static contact is maintained. The
author compares this with preservation of material-point distances in rigid-body rotation.
2) The applied force and trolley resistance have equal magnitudes in steady translation;
the interfacial static friction transmits the force from M2 to M1. This is compared with
a proposed torque transfer from the outer cylinder to the inner cylinder. 3) The ideal
nonsliding interface does not dissipate energy through relative motion, although it trans-
mits mechanical power between bodies moving in the laboratory frame. These statements
distinguish contact power transfer from dissipation at that interface.

4) Work supplied through the applied force can be transmitted through the block
contact and dissipated at the location of the trolley resistance. The author compares this
distribution with input torque at one cylinder and a resisting load at the other. 5) The
required static contact force depends on the external loading and remains within the
admissible static-friction range. In an ideal unloaded constant-speed case, no applied
force is required and the contact need not carry a tangential load. The corresponding fluid
analogy requires caution: a static-friction law can sustain a load without a rate of slip,
whereas a Newtonian viscous law relates stress to deformation rate. The analogy therefore
cannot determine the fluid stress without an explicit constitutive mechanism.

The proposed analogy motivates a distinction between power transmission and dis-
sipation, but it does not resolve the constitutive compatibility of nonzero viscous torque
and exact rigid-body rotation. That compatibility must be established using the governing
balances and the selected material model.

The author next decomposes the AST stress-power expression and proposes assigning
separate meanings to its terms. The algebraic identity can be examined directly, while the
physical labels require additional justification.

Using the stress-work product rule discussed in [25,41], the AST expression is written

as
(™)
WZIIS — g 63
o (63)
The components TZSy " denote the proposed asymmetric stress. Applying the product
rule gives
, ot " u:
WYis — 4. 4y asym i 64
i ox j g ox j ( )

The first term on the right-hand side of Eq. (64) is viscous-force power. For the rigid-
rotation field, the displayed AST divergence is zero, so this term vanishes. The same
bulk force-power result is obtained with the SST for that field. This agreement does not
determine the remaining contraction or the boundary stress-power flux.

The second term in Eq. (64) is the contraction of the AST with the velocity gradient. In
the conventional symmetric Newtonian model, the analogous contraction is interpreted as
viscous dissipation [5,22,41]. For a nonsymmetric stress, that interpretation cannot simply
be carried over without examining the complete constitutive and angular-momentum
framework. In particular, the AST can give a nonzero contraction during rigid-body
rotation. The source manuscript treats this as motivation to redefine dissipation, but the
unchanged total stress-power identity still has to be satisfied.

Couette flow illustrates why zero bulk viscous-force density is not equivalent to zero
viscous dissipation. In steady simple shear, the stress can be spatially uniform, so its
divergence vanishes, while the deformation rate and viscous heating remain nonzero
[25]. Mechanical power enters through moving boundaries. The author uses the term
sliding to describe the relative deformation and compares it with frictional motion between
solid objects. The comparison is useful only when the different constitutive laws and the
dimensions of the power terms remain explicit.
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To separate the proposed deformation-related and remaining contributions, the author
rewrites the second term using the following algebraic identity:

Tasym% — sym (aui aM]> _ osym au] (65)

ij dx i S 87] aTcl Y ax,- '
The source manuscript assigns the following physical interpretations to the terms in
this decomposition:

1) The proposed alternative dissipation function is defined as

ou; Ou;j
__ Lasym ! ]
@ =1 ( o, + Fre ) (66)

The symmetric velocity-gradient combination in brackets vanishes for rigid-body
rotation. The proposed expression therefore gives zero for that velocity field even if the
AST itself is nonzero. The author interprets this as a description of dissipation controlled
by deformation rather than by the mere existence of stress. However, a chosen term that
vanishes in one flow is not, by itself, a complete thermodynamic derivation. The remaining
term and the full mechanical-power balance must also be interpreted consistently, and the
definition must satisfy the relevant material-frame and angular-momentum requirements.

2) The remaining term in Eq. (65) is —Tgsy "ou j/0x;. Its dimensions are power per unit
volume, not energy. The author proposes interpreting it as internal power transfer and
draws an analogy with reactive power in electrical circuits. That analogy does not establish
a mechanical flux: a physical transfer term must be connected to boundary power or an
explicitly defined local flux in the energy balance. For the rigid-rotation field, the proposed

term evaluates to

_Tasym 8u] _ —Tusym 8u9 __asym <1 au, ug)

= T
ij axi 4 or or

Integrating the proposed power-density term over the annular fluid region gives

= 2u?, (67)

E _ [ 2uw? 2mtr dr = 2muw?*(R3 — R?) (68)
transfer R H pw 2 1/
v AN

The calculation uses unit axial length and inner and outer radii R; and Ry, as shown
in Figure 10. The author associates the quantities 27tuw?R3 and 27tpw?R? with outer and
inner boundary powers. Their difference is nonzero when the radii differ. A consistent
interpretation must therefore account for that difference through the total-energy and
angular-momentum balances; labeling it transfer alone does not establish conservation in
the proposed loaded steady state.

A complete power-transfer interpretation would also need to identify the torque
associated with each boundary traction and its orientation. In a steady annular control
volume, unequal mechanical powers at equal angular speed imply unequal torques unless
another contribution is present. If the proposed tensor carries a local antisymmetric part,
that part enters the angular-momentum accounting and cannot be ignored because the
bulk linear-momentum divergence happens to vanish. Generalized continua can include
internal rotations and couple stresses, but those descriptions introduce additional fields
and balances. They cannot be inferred from the scalar power term alone. The present
decomposition is therefore best treated as a proposed interpretation awaiting that complete
framework. The electrical analogy illustrates that transfer and dissipation are different
ideas, but it does not identify the mechanical storage, flux, or angular-momentum pathway
required here. Establishing that pathway would make the rotating-cylinder comparison
testable on its own terms rather than relying on the assumption that all boundary power
differences must represent nondissipative transfer.
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8. Energy Dissipation in Compressible Flows: Via AST

Section 7 introduces the alternative expression in Eq. (66) and its proposed interpreta-
tion. This section applies that expression to the complete AST, including the volumetric
contribution. The calculation is an assessment of the proposed definition; it should be
distinguished from a derivation establishing that the expression is the thermodynamic
dissipation of an ordinary Newtonian fluid.

To include the volumetric term, the complete viscous-stress tensor replaces the tensor
used in the preceding expression, giving

1 — Ju; U auk
asym asym \VARTAV S i B
Uij o ij 3;”( )511 ]/l (E)x]) 3 <8xk ) 51]. (69)

Substituting the proposed component relations gives

. al/ll' ou j
D =g0; ] (E)Jc] + Tx,
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—H ox oy 0z dy = ox dy 0z
o, dw\? 1(u 0 dw)?
dz  ox 3\ox dy oz ’

The resulting expression differs from Eq. (33) in the coefficient multiplying the squared
velocity divergence. The author emphasizes that this coefficient is positive in the proposed
representation. Nevertheless, comparison of individual coefficients is insufficient to estab-
lish physical admissibility: the complete constitutive relation and stress-power balance

must be examined. For the isotropic dilatational field already considered in Eq. (35), the
velocity-gradient conditions are

du _du _ dw _ ou; S,
g_g_az—e#o and 8xj_0 fori #j. (71)

For this field, the proposed expression evaluates to

O =y (2 x 3e2 4 % X 9e2) = 9ue?. (72)

The positive result follows algebraically from the proposed definition and selected
coefficient. It does not prove that the zero value under Stokes’ hypothesis was inconsis-
tent, nor that an AST is necessary to obtain dilatational dissipation. In the conventional
symmetric formulation, a nonzero bulk viscosity supplies such a contribution.

9. Conclusions

This manuscript compares the conventional symmetric viscous-stress description with
the author’s proposed asymmetric relation through momentum, wall-traction, sphere-
flow, and energy examples. The original objections concern spatial stress increments, grid
dependence, complementary shear components, rigid-body rotation, and compressible
dissipation. Several of these objections depend on assumptions that must be stated sepa-
rately from local stress symmetry. In particular, equality at a common point does not imply
equality at different positions, and a complementary tensor component is not automatically
an additional traction on the same physical surface. The proposed AST calculations are
retained to make the comparison explicit, but they do not establish a general failure of the
symmetric Newtonian model.

The following points summarize the proposed formulation and the conditions that
remain necessary for its assessment:
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1) The AST is motivated by extending the simple-shear viscosity relation to individual
velocity-gradient components. This extension is a constitutive proposal, not a consequence
free of material assumptions. 2) The momentum divergence can reproduce a familiar
Cartesian viscous term under the stated coefficient choices. Agreement of a bulk equation
does not establish equality of boundary tractions or torques. 3) The fluid-versus-solid
deformation comparison distinguishes viscous and elastic response, but both materials
remain subject to angular-momentum balance.

4) The spatial-increment and Poiseuille examples require local component equality to
be separated from equalities between different positions. A symmetric, spatially varying
stress field is mathematically admissible. 5) The airfoil and sphere examples must use
traction on the actual boundary and the correct dimensional surface integration; the sphere’s
net transverse force vanishes by axisymmetry. 6) The loaded-cylinder example requires
a compatible velocity field and constitutive law. Exact rigid-body rotation of an ordinary
Newtonian fluid has zero viscous stress, although pressure is nonzero. 7) The proposed
energy decomposition is an algebraic identity whose transfer and dissipation labels require
independent physical justification. 8) The zero dissipation of isotropic dilation under
Stokes’ hypothesis reflects its zero-bulk-viscosity assumption; positive bulk viscosity can
be included within a symmetric stress model.

The central unresolved task is to specify a complete constitutive framework for the pro-
posed nonsymmetric stress, including angular-momentum transport, observer invariance,
boundary traction, and thermodynamic admissibility. If internal rotations, couple stresses,
or body couples are intended, their governing variables and balance laws must be supplied.
Without that framework, the examples provide a statement of the author’s proposal and its
contested interpretations rather than a demonstrated replacement for classical Newtonian
fluid mechanics.

The scope of the conclusion is therefore theoretical. No experimental force mea-
surement, torque measurement, temperature record, or numerical refinement dataset is
supplied to adjudicate the proposed alternatives. A future test would need observables
for which the two complete models make different predictions under the same boundary
conditions, together with independently specified material properties. Such a comparison
should distinguish uncertainty in measured viscosity from uncertainty in the constitutive
form. It should also distinguish a disagreement caused by coordinate indexing or surface
integration from a genuine physical difference. The appendix is included to expose the
adopted coordinate calculations, but a component derivation must remain consistent with
the tensor convention used throughout the main text. The retained examples identify where
the author’s proposed description differs from the conventional one and where additional
justification is required. They should not be described as establishing that all classical
symmetric-stress calculations are coincidentally correct or that every apparent difficulty
has already been resolved by the AST.
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Appendix
Asymmetric Shear Stresses in Polar Coordinates

The Cartesian and polar coordinates in Figure Al are related by

x =rcosf; y =rsinb, (A1)

The corresponding unit-vector relations are

g =1icosf+ fsin 0; €y = —isinf + fcos 0, (A2)

The vectors &; and €y point in the radial and tangential directions. Unlike the Cartesian
basis vectors i and j, their directions vary with the angular coordinate. Their derivatives
must therefore be retained when differentiating vector and tensor fields.

Y

In Cartesian coordinate at P(x,y): V = ui + vj

-

In polar coordinate at P(r,8): V = u,.8, + ugé,

Figure Al. Cartesian and Polar Coordinate Bases

Differentiation of the polar basis vectors with respect to r and 6 gives

o, 98  9E . 9
y— ,W—O,E—EQ, 86—_67‘ (A3)

Applying the chain rule to the coordinate transformation gives

9 _99x 99y cos@i —l—sin@i
or  OdxJr dyor 0x oy’

200 0 D d o
900  0x00 Jydo ox dy’
Combining Egs. (A2) and (A4) yields the gradient operator
_90 10 -0 -0

In the appendix’s dyadic convention, the unsymmetrized velocity-gradient expression
is

= . _d 19Y\, ., .
E=VV = (erar *%ae) (€uy + Egug)
o (our\ L 1du, wup\ - . dug\ . ., 1dug = us\ . .
= () e+ (35 R+ (5 @+ (15 + 7 )@@,
(A6)
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Double arrows denote a tensor, while products such as €6y denote dyadic basis ele-
ments. The quantity in Eq. (A6) is an unsymmetrized velocity gradient, not the conventional
symmetric rate-of-strain tensor. The source manuscript assigns its components as follows;
the ordering must be used consistently with the stress and divergence definitions:

ouy _ 1ou, ugy. duy 1dug = u,

€ = —; £, = ggr = €gg = — .
T T T Y o8 r T ey T T 0 7

For the proposed asymmetric constitutive relation, the polar-coordinate matrix is

(A7)

written as
duy 1oy up
= 9 L
T Gug Lduy | (A9
or r df r
The viscous-force density £ s expressed as the divergence of the adopted stress
tensor:
fE=v.Z. (A9)

Applying the polar-coordinate differential operator to the expression associated with
Eq. (A8) gives

.y = 0 10 ou 10u u
vis - > 9 >+ 0 . Oty - = 77}’_79 - =
fs=v.7 (erar—i—eerae) {y{( 5 >(€r€r)+ (r 3 " >(69€r)

dug\ - 10ug  ur\ .
+ ar) (Erlf@) + (1’89 + 1’) (8989):| } (AlO)
_ oery 18879 1 _ - deg, 1@ 1 .
N { or r o0 + r (err 899) er T p or + r 00 + ’ (Sre + €9r) €p-

The displayed radial and tangential force-density components are therefore

vis _ {aeﬂ 1dep 1 ]

r or r 90 * ;(Sw — €00)

vis _ |:a€9r 1 8899

(A11)
%o L teg)
9 or | r op | puroTEOr

Substituting the component expressions from Eq. (A8) into Eq. (A11) gives the follow-
ing radial and tangential formulas. Their use requires a consistent convention for the tensor
indices and the contracted index in the divergence:

vis :‘u{l 0 ( au,) 10%u, 2 dug ur}

’ ror"or ) TR92 T 290 2

- 10 [ oug 10%uy 20u, up
vls - v —- - 7v =-r _ v
0 _y{r8r<rar>+r2 0 T2 2

(A12)
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