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Abstract: The fluid-mediated snap-through of a deformed elastic structure in a constrained channel
involves a complex interplay of geometry, fluid inertial effects, amplification of the transient pressure,
and transport phenomena in a strongly nonlinear fashion. In this paper, we derive a simple reduced
model of an elastic sheet squeezed into a closed channel between upstream and downstream fluid
compartments. The reduced theory involves an antisymmetric order parameter, a fourth-order
potential with the curvature switching sign at the critical pressure, the effective inertia including both
structural and hydrodynamic added-mass contributions, and a quadratic closure for transport based
on reflection symmetry. The comparisons of the reduced theory with the exact solution of Oshri et al.
reveal that the critical-pressure scaling, collapse of the near-threshold growth rate behavior under
effective inertia, long-lasting presence at the asymmetric solution branch in the fluid-dominated
limit, broadening of the transient pressure peak for small values of the sheet-to-fluid mass ratio, and
crossing of the kinetic energy distribution are captured. This means that the closed-channel snap-
through phenomenon can be physically interpreted within one reduced framework: the threshold
selection, transient slowdown, delayed transport, and energy redistribution arise due to the same
low-dimensional added-mass dynamics.

Keywords: snap-through instability; fluid-structure interaction; reduced-order model; added mass;
closed-channel flow; symmetry breaking

1. Introduction

Snap-through is one of the fastest and most abrupt mechanisms of releasing elastic
energy of a slender structure and organizing new configurations. An elastic structure
could remain in quasi-static equilibrium for a wide range of loadings, cross a certain
threshold and then transition to a new remote configuration in a short amount of time.
This type of dynamics is fundamental to many problems of nonlinear mechanics of bistable
systems, compliant mechanisms, shape change and metamaterials [1,2]. Apart from being
the most basic and fundamental aspect of nonlinear structural mechanics, snap-through is
an indispensable component of fast actuation and controlled sensing in the applications
involving sudden large-scale response of the system due to small changes of loading [3].

Study of snapping was one of the most prominent examples of application of nonlinear
methods in structural mechanics [4]. Analysis of elastic strips and similar non-stretchable
structures revealed that large rotations, interaction of modes and constraint geometries
could change the character of instability transition in the most essential ways [5,6]. Next
studies showed that the temporal aspect of the instability transition is as essential as any
other factor: viscosity delays instability, near-critical states demonstrate slowing down,
and the post-buckling dynamic is characterized by the imprint of the bifurcation initiating
the transition [7-9]. In other words, snap-through requires to go beyond the question
of whether or not there is instability. In addition to the instability onset, one needs to
understand what role play structural inertia, dissipation, viscoelasticity, and imperfections.

Another complication arises when there is a liquid environment accompanying the
structural instability transition. In such a case, the structure evolves not only within a struc-
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tural inertia manifold, but there is also liquid with its own momentum, energy, pressure
redistribution, and feedbacks due to the presence of the boundary. Such mechanisms arise
in elastocapillary, biological closure and bio-inspired impulsive devices, when structural
instability and liquid response are two inseparable aspects of the same process [10-12].
Such problems are also remarkable for their ability to create transient pressure fluctuations
in addition to displacements [13-15].

Similar considerations become very important for the engineered systems. Various
bistable and snapping systems are used as energy harvesters, microscale relays, and sensors
because they provide large and quick state transitions [16-18]. Similar approaches exist in
piezoelectric and laminated structures, where the snap-through enhances electromechanical
response, and in biomedical devices, where nonlinear shell or membrane dynamics is re-
sponsible for pumping or assisted actions [19-21]. Electroactive and elastomeric instabilities
are exploited to achieve large reversible deformations, fast pumping in microfluidic systems
and fast fluid displacements [22-24]. Recently, the concepts of bistability and snapping are
used to achieve switching in soft oscillators, digital soft logic and autonomous valves based
on jumps between mechanically different states, rather than continuous actuation [25-27].

All these developments make the study of snap-induced flow in a confined liquid
environment especially important. The snapping boundary operates like a pump, valve,
pressure amplifying device or a logic component, and the performance of such a device is
governed by the way instability transition is coupled to the liquid flow. Multistable mem-
branes, adaptive compliant flow regulators and snap-induced flow sensors are examples
of device applications requiring this coupling [28-30]. At the same time, the problems in
which the liquid flow modifies the structural instability become difficult to interpret, since
the main variables are distributed both between the structure and the flow. Liquid flow in
a closed channel could initiate instability transition, change its characteristic timescale and
redistribute energy during the transition, see the papers on axial-flow flutter, flow-induced
periodic snapping and liquid flow in a closed chamber [31-33]. Even at small scale, due to
the influence of geometric confinement and surface effects, the snap-through becomes a
promising approach for flow regulation [34-36].

From the theoretical perspective, the main problem is that the quantities of interest
for the engineering applications are low-dimensional, while the governing problem is not.
From the design and interpretation points of view, one would like to have the values of
critical pressure, characteristic snap time, the onset of the transport and the energy partition
between the solid and the liquid during the transition. The whole elastohydrodynamic
theory definitely has this information, but it includes much more details than necessary.
It turns out that the classical hydrodynamic theory provides a very clear explanation of
why the structural intuitions are often incorrect: once the body starts moving in the fluid,
virtual inertia, redistribution of momentum and impulse transmission affect the inertia
of the active mode [37-39]. In addition to the liquid-induced inertia, if the liquid flow
is constrained in a chamber, the quick structural movement could generate the transient
pressure fluctuations similar to those occurring in fast hydraulic phenomena, although
driven by elastic rather than pipe-hammer mechanics [40]. Thus, the reduced-order theory
should do more than just eliminate structural degrees of freedom. The liquid-induced
dynamics should also be compressed into some physically interpretable inertial closure.

The closed-channel system studied by Oshri, Goncharuk and Feldman [41] provides
a very nice example of the problem with these properties. In their study, a compressed
elastic sheet is separated by a thin film of a liquid into the two chambers of a channel.
As the pressure difference increases, the structure starts deforming, loses stability and
undergoes a snap-through to the opposite deformation mode, generating a quick liquid
flow in the channel and a transient pressure response. The problem is analyzed using the
thin sheet theory, the potential flow, quasi-static branches, linear stability, weakly nonlinear
reduction and nonlinear simulations. There are several important observations made in
their paper, which are very helpful for the formulation of the reduced-order theory: the
instability is driven by the antisymmetric eigenmode, while the base state is symmetric;
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the net transport is absent in the leading order and occurs only at the higher orders; the
dimensionless growth rates collapse after rescaling by the effective sheet-plus-liquid inertia;
the duration of the largest pressure spike depends systematically on the sheet-to-liquid
mass ratio; the kinetic energy balance switches from the predominance of the fluid motion
to the predominance of the sheet motion as the mass ratio increases [41].

In this paper, I develop the reduced-order theory based on the symmetry of the
unstable mode and hydrodynamically inflated inertia. The specific research question in
this problem is formulated as follows: can the physics of threshold selection, delayed
transport, spike broadening and energy redistribution between the fluid and the sheet
in snap-induced flow in the closed channel be described by a single symmetry-invariant
amplitude equation, rather than by a set of empirical formulas for each quantity of interest?
The main hypothesis is that the physics of onset and regime selection can be described
by an antisymmetric amplitude variable evolving in a quartic potential, provided that
the inertia attached to this amplitude contains the proper added mass dependence. In
other words, snap-through is understood as the destabilization of a low-dimensional order
parameter, and the net transport is interpreted as the secondary observable, which must be
proportional to the square of the amplitude due to reflection symmetry. The goal is not to
recover every single point of the flow or pressure fields, but to retain the balances defining
the onset and characteristic timescales of snap, the appearance of net transport and the
distribution of kinetic energy in the system.

Thus, the contribution of the paper is analytical, rather than descriptive. First, it
introduces the pressure-normalized amplitude model in which the bifurcation variable is
defined from the antisymmetric instability, rather than from some arbitrary displacement
coordinate. Second, the sheet-plus-liquid effective inertia is included directly in the normal
form such that the variation of A and L, is encoded into the inertial coefficient. Third, the
quadratic dependence of the transport rate and the 2¢ scaling of the net volume transfer
are derived from the reflection symmetry. Fourth, the same inertial coefficient is connected
to the pressure spike duration and the energy partition, providing a test of the hypothesis
that several observables appearing in the full solution separately can actually be attributed
to one dominating balance of the added mass. The rest of the paper is organized as follows.
In Sec. 2, the physical problem is defined and the reduced-order model is constructed. In
Sec. 3, the resulting scalings are compared with the branch geometry, the growth rates
collapse, the pressure-volume evolution, spike-duration trend and the energy partition.
The physical implications, scope and limitations of the approach are discussed in Sec. 4. In
Sec. 5, the answer to the research question is stated.

2. Physical setting and reduced order model
2.1. Closed-channel geometry and control parameters

In the current physical setting, there is a thin compressed elastic sheet spanning the
height of a closed channel, thereby dividing the upstream and downstream fluid domains.
The imposed pressure difference P,; = P, — P; pushes the sheet towards instability from
an initial buckling configuration, leading to rapid inversion once the threshold for the onset
of instability has been exceeded. Figure 1 illustrates the geometry and notation that will be
used for the remainder of the study, highlighting the upstream and downstream chambers,
the deformation of the sheet w(y, t), the coordinate axes and the half-lengths of the channel
Ly /2 on either side of the sheet. Figure 1 represents the physical setting for the reduced
order model construction.

The three main control parameters for the present formulation are the excess length
of the sheet A, the dimensionless channel half-length L, and the sheet-to-fluid mass ratio
A. The critical pressure obtained from the two-mode linear stability analysis can then be
expressed as

_ 3t
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Normalization of the loading takes the form

P
=2 2

e @
The distance from the onset of instability is thus measured via the value Il — 1. Normal-
ization is crucial here, as it eliminates the trivial dependence of the critical threshold on
the excess length of the sheet and leaves dynamics post-onset purely in terms of growth,
delay and inertia. Values of I1 slightly greater than unity correspond to weakly unstable
sheets and hence to the optimal regime of applicability for the normal form, whereas higher
values indicate faster progression along the same branch structure.

Figure 1. Rendered closed-channel state used to define the snap coordinate.

Figures 2 and 3 show the underlying quasi-static branch structure for the dynamic
system. There is a connection between the stable symmetric and inverted symmetric
branches via an asymmetric branch which merges onto the symmetric branch at the onset
of instability. The separate branch and state profiles representations are useful here, since
the pressure-deflection curve and sheet deformation plots clarify that the perturbation away
from the symmetric state corresponds to the introduction of asymmetry, which pushes the
system towards inversion.
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Figure 2. Pressure-deflection branches of the reduced snap coordinate.

2.2. Order parameter and effective potential

From the stability study of the closed-channel structure, we know that the symmetric
base state destabilizes due to the asymmetry of the second buckling mode. This instability
leads us to introduce one reduced variable b(t) measuring the size of the anti-symmetric
deformation. For b = 0, we have the symmetric state prior to snapping, while for b # 0, we
measure the growing anti-symmetry of the mode during the snapping process.



TK Techforum Journal (ThyssenKrupp Techforum) 5

The snapping phenomenon can be captured by the quartic potential
Han):—%ﬂn—qw2+iwﬁ k=31t  B>0, ®3)

where the change of the curvature at the origin occurs precisely when IT = 1. Parameter
B provides the regularization of the critical point and defines the scaling of the reduced
variable. In this normal form, the finite-amplitude state is given by

K

PP=2(1-1), II>1, (4)
p
which is the usual square-root saturation associated with a supercritical symmetry-breaking

bifurcation.

pre-snap

transition

post-snap

Figure 3. Representative sheet profiles during the snap transition.

Figure 4 depicts the reduced quartic potential for selected loadings. For IT < 1, the
origin continues to be a stable minimum. In case of IT = 1, the curvature at b = 0 becomes
zero, and for I1 > 1, there is a double well potential with two minima of finite magnitude.
The figure shows that the core normal form interpretation is evident from the plot itself.
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Figure 4. Quartic potential across the instability threshold.
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2.3. Added mass closure and near-threshold dynamics

The growth rate data collapse upon scaling by an inertial quantity, which includes
both the structural component and an added mass from hydrodynamics [41]. The inertial
term appears directly within the reduced system via the definition of

Meff()L, Ly) = i + % tanh(T[ZLy). (5)
Here, the first term corresponds to the structural inertia of the selected mode, while the
second one quantifies the kinetic cost of accelerating the confined fluid along with the mode.
The inverse A scaling demonstrates that hydrodynamical loading becomes important when
the structural inertia is small compared to the fluid inertia. Thus, Eq. (5) does not just
serve as the fitting parameter but rather provides the combination of parameters at which
confinement becomes important for the dynamics.

The dynamics of the order parameter are then written as

. OF
Mege b+ i 0, (6)
or, equivalently,
Meg b —x(IT—1)b + Bb® = 0. ?)

Linearization about b = 0 yields the near-threshold growth law

1/2 1/2
‘7_< ] ) <H—1)1/2‘ﬂn(n_l) ' (8)
Megs 2 Megs

The physical implication is immediate: the onset dynamics are controlled not by structural
inertia alone, but by an effective inertia that can become much larger when the sheet
interacts with a comparatively heavy confined fluid.

Two limiting regimes follow directly from this expression. In the solid-dominated limit
A > 1, the added-mass contribution becomes negligible and the growth rate approaches a
purely structural scaling. In the fluid-dominated limit A < 1,

32 Ly 1/2 1/2

showing explicitly that strong hydrodynamic coupling slows the instability even when the
applied pressure exceeds the threshold.

— reduced law
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Figure 5. Near-threshold growth-rate collapse.
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Figure 5 forms the key quantitative demonstration of this closure for added mass.
Measurements over ranges in A, Ly, and A map to the universal relation expected from
Eq. (8). It indicates that the low-dimensional model has captured the primary balance of
the complete system. Physically, this figure implies that the pressure surplus and added
mass are not independent phenomena but that the ratio between them sets the timescale
on which the unstable coordinate breaks the symmetry.

2.4. Transport closure and pressure-spike timescale

The analysis of the coupled system demonstrates that the first instability causes a
rotation with no net transport and that the transport occurs at higher order [41]. The
reduced model includes this result as transport is treated to be an even function of the
antisymmetric mode:

q(t) = sz(t) + (’)(b4), x > 0. (10)

Assuming that b(t) ~ ¢! close to onset, we have
qg(t) ~ ¥, (11)

This is the reason why there is a delay between the appearance of net transport and the
primary instability since the former happens at twice the linear growth rate. It is a direct
result of reflection symmetry: reversing the direction of the antisymmetric mode does not
change the transported volume, so the first-order term vanishes.

The same low-dimensional system provides a timescale for the most violent part of the
event, which is defined by the curvature of the potential (k) and the effective mass (Meg).
The characteristic snap time scales as

M. 1/2
tsp ~ C <KEff) ’ (12)

where C; is a dimensionless constant of order unity that depends only weakly on the exact
operational definition of the spike duration. Therefore,

tp xATV2 A<, (13)

while tsp approaches a constant plateau as A > 1. Slow onset and broad late-stage pressure
spikes are therefore two manifestations of the same added-mass-controlled timescale.

2.5. Kinetic-energy partition

Because the effective inertia admits a natural decomposition into structural and fluid
contributions,

32 7'[Ly
M = tanh| —= |, Mg = M + Mf/ (14)

1
- My= ——
g f = 98 2

it is natural to define the reduced kinetic-energy fractions at peak snap speed by

M; My
= . =7 | 15
Xs Ms—l-Mf Xf Ms—l—Mf (15)
The fluid-solid crossover occurs when M; = My, giving
128 Ly
Ac = 9.3 tanh(z). (16)

For L, = 2, this yields A, & 0.457. This crossover is not imposed independently; it follows
directly from the same inertial decomposition that controls the growth rate and the snap
timescale.
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3. Results and comparison with analytical and numerical results
3.1. Branch geometry and symmetry breaking

Geometrically, the quasi-static branch curves shown in Figures 2 and 3 form the
background for the reduced model. The stable symmetric branch corresponds to the pre-
snap well of the effective potential, whereas the inverted-symmetric branch corresponds to
the remote state attained after the symmetry-breaking instability develops. The key element
here is the asymmetric branch connecting those two states. From the coupled perspective
of Oshri et al. [41], the transition along this branch is what enables the transition from the
stable symmetric state to the inverted one. Within our model, this branch is the geometric
manifestation of the antisymmetric order parameter b(t) that activates at threshold.

The above observation indicates that the instability should be interpreted as a symme-
try breaking rather than a jump between quasi-static branches. Specifically, the initial state
is destabilized by a perturbation that breaks the parity, and not by a symmetric perturbation
amplifying the first buckling mode. The transition away from the initial well therefore
involves activation of a mode that is absent from the symmetric base state, but exists in the
perturbed one. In this picture, the quartic potential is no longer required to model all the
energies involved: it simply captures the local loss of convexity along the antisymmetric
axis and the finite-amplitude saturation that follows.

Second, one should note the significance of the residence near the asymmetric branch.
In the fluid-dominated limit, the transient trajectory can linger near this branch for a
considerable time even though the branch itself is not stable in the traditional sense.
According to our model, this behavior is the result of the enhanced added mass M.
Increased added mass retards the escape from the shallow post-critical region, and the
system remains dynamically near the asymmetric path before speeding up to reach the
inverted configuration. Here the branch plays an important dynamical role due to the
inertial delay in the evolution, and not the change in the topology of the diagram.

3.2. Collapse of the growth rate with respect to effective inertia

The most straightforward confirmation of the reduced model is the near-threshold
growth law depicted in Figure 5. Properly normalized with respect to the critical pressure
and the effective inertia of the sheet plus the fluid, the growth-rate data at different A, L,,
and A lie on a master relation [41]. Eq. (8) perfectly matches that structure.

There are two advantages in obtaining the same law with respect to the different pa-
rameters. First, the collapse of growth rate is not dependent on any specific computational
realization: it occurs in the generalized reduced-law formulation in which one unstable
coordinate evolves under the action of the effective inertia containing the added-mass
correction. Second, the law gives us insight into the trade-off between overpressure and
hydrodynamic loading. The former enhances the destabilizing curvature of the potential as
the system deviates above the threshold, but the latter adds inertia. Therefore, a system
driven above the threshold by a higher IT may exhibit a slower evolution if the liquid
layer is sufficiently heavy. This conclusion is important for the later results, since it tells us
that the slowdown near the onset and the post-onset dynamics are governed by the same
inertial effect.

3.3. Transport retardation and 2sigma law

One of the characteristic features of the closed-channel solution is the delayed emer-
gence of net transport once the unstable mode activates [41]. At least at early times, the
motion is dominated by rotation, and the system can develop vigorous dynamics without
transporting fluid through the channel. The transport closure in Eq. (10) explains this
behavior as simply as possible. Since the dominant unstable mode is antisymmetric, its
sign switches with the reflection about the channel center. Transport volume, on the other
hand, is not sensitive to such a transformation. Thus, the leading transport observable
should be an even function of b, and the quadratic term is the first option available.
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The above symmetry considerations have immediate dynamical implications. Namely,
the unstable amplitude grows exponentially in time as ¢”!, whereas the transported volume
difference grows as e?’*. This implies that the reduced model predicts a clear delay between
the appearance of instability and the beginning of the net pumping. Physical explanation
of this result is obvious: the sheet should become sufficiently asymmetric to make the
quadratic transport observable non-negligible. The value of this interpretation lies in its
simplicity: delayed transport is neither another instability nor the numerical artifact. Rather,
it is the natural consequence of the different parity properties of the unstable coordinate
and the net transported volume.

Moreover, this observation makes it evident that the reduced observables that we use
cannot be just geometric amplitudes. A model that followed just the unstable coordinate
would show the moment when the state became dynamically unstable, but not the moment
when the pumping started. Only by tracking the instability coordinate separately from
the transport observable it was possible to distinguish between the onset of the instability
and the onset of pumping. The latter is essential for closed-channel applications, where the
practical aim is not necessarily the structural inversion itself, but the fast fluid transport
through the channel.

3.3.1. Trajectories in pressure-volume space and dynamic branch-following

The pressure-volume trajectories of Figures 6, 7, and 8 are shown as separate images
corresponding to each regime. While starting from the same instability conditions, the
differences in the pressure-volume trajectories correspond to the difference in the coupling
of pressure loading and volume response. If the dynamics of the system is governed
mostly by the fluid inertia, then the pressure-volume trajectory will follow the quasi-static
branch. On the contrary, if the dynamics is dominated by the solid, then the transition to
the inverted state happens faster and spends less time on each branch [41].

As it was already mentioned above, the reduced-order model explains the difference
very intuitively. Indeed, once the critical threshold is surpassed, the sign of the destabilizing
term of the effective potential is already fixed. Thus, the only difference in regimes lies in
the speed at which the system moves along the post-critical landscape. Small values of
M. slow down the process and stretch the transient, making the path along the weakly
curved regime of the asymmetric branch visible in the pressure-volume space. Therefore,
the branch-following dynamics appears to be an artifact of the dynamics caused by the
fluid inertia and not due to any new static branch structure.

\ —--- (uasi-static
\ _— 2=0.1

0.014

0.00 -

—0.01 A

—0.02

—0.03 A

—0.04

normalized volume, Vj

—0.05 A

—0.06 A

T
0 20 40 60 80
pressure difference, puq

Figure 6. Fluid-dominated pressure-volume trajectory.

In addition, one can conclude that the average response and geometric evolution must
not be considered separately from each other. The pressure-volume trajectory reflects the
coupled reorganization of geometry and fluid state. While in the case when the fluid is
light with respect to the sheet, the geometric inversion takes place quickly, compressing the
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path in the P, ;-v4, plane. When the fluid is relatively heavy, the same instability occurs
with the mediation of slower transfer of momentum by the liquid.
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Figure 7. Balanced pressure-volume trajectory.
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Figure 8. Solid-dominated pressure-volume trajectory.

3.4. Pressure-spike duration as an added-mass timescale

The pressure-spike duration represents a strict check on the reduced model since
it measures a far-field, dynamically driven parameter, rather than one which is close to
threshold. Figure 9 shows that the typical duration of the strongest pressure spike increases
markedly with decreasing ratio between the sheet and fluid mass, and reaches a plateau
for large A [41]. This timescale behavior is predicted precisely by Eq. (12) of the reduced
model.

The significance of this finding is noteworthy. It shows that this dynamical strong
pressure event is driven by the same mechanism and timescale as the linearly growing
displacement; no separate late-stage mechanism operates. In the fluid-dominated limit,
a large part of the potential energy stored by the system must go towards accelerating
the surrounding medium, so the whole process becomes broadened in time. In the solid-
dominated limit, the contribution of the hydrodynamics to the effective inertial force is
small, and the timescale of the pressure spike saturates at an essentially structural value.
Therefore, the reduced model unifies the concepts of onset time slowdown and spike
broadening into a single driving parameter M.

This understanding carries a practical lesson as well. When designing a structure
whose purpose is to generate short, sharp pressure spikes, it may be equally effective to
reduce hydrodynamical loading as to increase structural stiffness. On the other hand, if
the goal is to prolong the duration of the pressure pulse, it is easy to achieve this effect
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by increasing the hydrodynamic mass even if the static threshold of the problem is left
unaffected. Such considerations cannot be easily derived from the exact field solutions, but
follow straightforwardly from the reduced timescale.

= reduced model
e A2
101 4

100 4

normalized spike duration

T T T T T T T
1073 1072 10! 100 10! 10? 103
sheet-to-fluid mass ratio, A

Figure 9. Pressure-spike duration governed by added mass.

3.5. Kinetic energy redistribution and fluid-solid crossover

As seen above, the kinetic energy partition provides additional important information
about the closed-channel snap. The share of kinetic energy of the sheet and the fluid
redistributes drastically depending on A [41]. Figure 10 depicts reduced-order prediction of
the kinetic energy fractions at snap maximum velocity for L, = 2. Figure 11 demonstrates
the respective energy partition behavior in analytical and numerical cases. The same
crossover-type behavior is clearly visible in both cases: the dominance of the fluid in the
motion at small A, the dominance of the sheet at large A, and the crossover itself occurring
close to A, =~ 0.457.

kinetic-energy fraction

0.0 T T e T T
103 102 10! 10° 10! 102 108
sheet-to-fluid mass ratio, A

Figure 10. Reduced kinetic energy fractions.

The coincidence of regime types is quite remarkable as the reduced model does not
include any details of the flow structure or shape evolution of the sheet. Once the added
mass part has been obtained, the dominant energy distribution can be extracted from the
inertial fraction only. At low A, the liquid is essentially dense and absorbs the major part of
the kinetic energy liberated in the transition. At large A, the sheet develops according to
purely structural inertial dynamics and the fluid motion becomes passive. Therefore, the
crossover around A, = 0.457 for L, = 2 is a result of the same inertia law proved by the
growth rate collapse.

From the general point of view of modeling, this result is one of the strongest justifica-
tions of the proposed framework. The single inertia law is responsible for the collapse of
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the growth rate at the threshold, the dynamic arrest of the snap close to the asymmetric
branch, the increase of the pressure spike width and the crossover in the fluid-solid energy
distribution. In the original coupled problem, these properties are exhibited in different
places of the solution and may look like a separate governing mechanisms. However, the
reduced model reveals their common origin.

= fluid/sheet
10° § —— sheet/fluid

102 4

101 4

100 4

energy ratio

10-1 4

1072 4

1073 4

T T - T T T T
10-3 102 107! 100 10! 102 103
sheet-to-fluid mass ratio, A

Figure 11. Energy-ratio crossover between fluid and sheet.

This study provides strong support for a coherent physical picture of the snap-induced
flow dynamics within the closed-channel geometry. The instability starts from the mode
with changing parity, the presence of the confined fluid affects the dynamics predominantly
via the added mass effect, and the relevant physically meaningful quantity of transport
is secondary rather than primary. Such a hierarchy allows one to understand why the
unstable mode can grow substantially before any significant net transfer occurs, why the
regime with dominating role of the fluid shows a clear reduction in velocity of the snap
without a drastic change of the threshold structural configuration, and why the pressure
amplification and energy redistribution share the same parameter dependence.

At the same time, the simplicity of the approach is both the advantage and the draw-
back of the theory presented. It does not give detailed knowledge about the spatial structure
of the velocity field, about the local pressure profile in the channel, and about the precise
transient shape of the deformed sheet. The quartic potential used in the theory describes
an effective variable responsible for the instability rather than all the structural and hydro-
dynamic energies of the system. Similarly, the scaling relation g « b? is valid only in the
vicinity of the onset and reflects the symmetry of the problem and the growth law. It is not
meant as a constitutive relation for describing large-amplitude flows far from the threshold.
The quantitative prediction of the detailed post-snap geometry, local vortical structures,
and pressure distributions would require the complete theory developed in Oshri et al.
[41].

Despite the limitations of the approach, it provides us with several practical benefits.
It allows isolating the causal structure of the problem in the form which is not provided
by a high-dimensional field-theoretical description automatically. The threshold condition
appears as the sign of the coefficient in the potential. The delay of the transport process is
due to the parity. The dominant contribution of the fluid is contained in a single inertial
parameter. The ability to analyze the structure of the problem is important for preliminary
design, parametric studies, and control-related problems when one needs to explore trends
and phase transitions in the system, rather than to reconstruct its detailed dynamics.

The presented approach hints at the general modeling strategy for similar snap-
through processes with assistance of the surrounding fluid. If the fluid does not change the
structural mode which gives rise to the instability, one can construct the predictive reduced
model based on the normal form with the addition of the mass effect. In the case under
discussion, the scaling of the growth rate provides this closure. After it is obtained, several



TK Techforum Journal (ThyssenKrupp Techforum) 13

other characteristics can be found surprisingly easily. It is promising for applications such
as bistable valves, soft pumps, impulsive flow controllers, and fluidic switches.

Figure 12 presents the reduced model as an operating map in contrast to a dense
summary. The horizontal axis adjusts the mass ratio between the sheet and the fluid, the
vertical axis records distance from the onset, and the contours indicate growth rate regimes
according to Eq. (8). This map makes clear the solution to the central problem in the paper:
with normalization of the effective inertia, regime selection depends on the joint location
of the system in the (A, IT — 1) plane. The vertical transition close to A, corresponds to
the same fluid-solid crossover of the energy partition, while the spacing of the contours
explains why the weakly unstable fluid-dominated cases proceed slowly even though the
static threshold has been exceeded.

10° 7 35
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Figure 12. Operating map for growth rate regimes.

Several further extensions are evident. A weak damping can be introduced to study
the relaxation past the critical state and the suppression of overshoot. An imperfection term
can assess how asymmetric manufacturing or loading affects the delayed onset of transport.
A pressure observable can be introduced to couple with g and 4 to derive the reduced
expression for the full pressure time history instead of merely its characteristic time scale.
Finally, the symmetry-based technique used here might be applied to problems involving
more than one unstable mode where the transport is determined by a combination of
quadratic invariants rather than the square of the amplitude. In each case, the basic concept
remains the same: a valuable reduced model of snap-induced flow should be symmetries
aware and put the hydrodynamic feedback into the inertia.

4. Conclusion

Does the basic behavior of snap-induced flow through a closed channel admit de-
scription through a single reduced-order model based on symmetry breaking and added
mass? The answer is yes, in the context of the near-threshold and regime selection problem
defined by the formulation. The antisymmetric amplitude b(t) characterizes the unstable
mode, the quartic potential defines the pressure at the threshold in terms of the change in
curvature of the symmetric equilibrium, and the effective inertia Mg provides the common
mechanical parameter controlling growth rate, pressure spike width, and energy partition.

Four distinct conclusions follow from the above discussion. First, the threshold itself
is not a simple bifurcation point at which the symmetric equilibrium becomes unstable,
but it is the point at which the symmetric equilibrium turns from a stable minimum of
the reduced potential into an unstable state. Second, the transported volume of fluid is
delayed since it is an even function of the antisymmetric instability and so its leading order
near-threshold growth rate is proportional to ¢2’* and not e’!. Third, the pressure spike
broadens in the fluid dominated regime due to the increase in the inertia of the active mode
due to confinement of the liquid; the scaling tsp o A~1/2 follows from the same added-mass
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contribution which collapse the growth rate data. Fourth, the fluid-solid energy crossover
is not a new hypothesis, but a consequence of the decomposition of M, into solid and
fluid components.

In conclusion, threshold selection, delayed transport, pressure amplification, and en-
ergy distribution are not independent phenomena which require independent explanations.
All four are tied up in one common low-dimensional dynamics of nonlinear destabilization
of elasticity and fluid inertia. The reduced-order formulation does not take the place of a
full solution when pressure fields, shape deformations, or transient evolution beyond the
threshold are required. The value of such a formulation is that it isolates a minimal set of
variables which are necessary to understand and control the main behavior. In particular,
for closed-channel bistable pumps, valves, and fluidic switches, varying A, Ly, or excess
load above the threshold offers a straightforward mechanism for tuning snap time, pressure
pulse width, and energy partition between sheet motion and the confining fluid.
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